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Abstract

In this study, we examine the existence, uniqueness, and a comparison theorem for Ep-
stein—Zin stochastic differential utility (SDU) with unit elasticity of intertemporal substitution
(EIS) under mild integrability conditions. In a Brownian-jump setting with finite-activity, we
establish existence on a broader class of consumption processes than previously shown in the
literature. We also demonstrate that robust utility with a logarithmic felicity function subject to
relative entropy costs is observationally equivalent to the unit EIS Epstein—Zin SDU. Beyond the
finite-horizon analysis, we present conditions for existence in the infinite-horizon case. Finally,
we consider an optimal consumption-investment problem in incomplete markets and establish a
verification theorem for the associated Hamilton—Jacobi-Bellman equation.

Key words: Epstein—Zin stochastic differential utility, unit elasticity of intertemporal substitu-
tion, optimal consumption-investment problem, robust utility, jump processes

Mathematics Subject Classification (2020): 491.20, 60H20, 91B16, 91G10, 93E20

JEL Classification: C61, D81, G11

1 Introduction

The Epstein—Zin utility developed by Epstein and Zin (1989) is a class of discrete-time recursive
utilities that separates time preference from risk preference. Its continuous-time counterpart, the
Epstein—Zin stochastic differential utility (Epstein—Zin SDU), is proposed by Duffie and Epstein
(1992). The corresponding Hamilton—Jacobi-Bellman (HJB) equation often becomes significantly
simpler when the elasticity of intertemporal substitution is one (unit EIS), a case in which income
and substitution effects on consumption offset each other. Owing to this tractability, many applied
studies such as Chacko and Viceira (2005), Wachter (2013), Tsai and Wachter (2015), and Wachter
and Zhu (2025) adopt the case of a unit EIS. Nevertheless, the mathematical foundation of the unit

*This work was partially supported by JSPS KAKENHI, Grant Number 23H00796, and Tokyo Keizai University,
Research Grant 24-14.

TFaculty of Economics, Tokyo Keizai University, 1-7-34, Minami-cho, Kokubunji-shi, Tokyo, Japan. Telephone:
+81 42 328 7892, E-mail address: sy46744@gmail.com


mailto:sy46744@gmail.com

EIS Epstein—Zin SDU has received comparatively less attention since the seminal work of Schroder
and Skiadas (1999). Furthermore, the assumptions in Schroder and Skiadas (1999) for the existence
and uniqueness of the utility process are more demanding than the integrability conditions available
for the general EIS case, as established in Kraft, Seiferling, and Seifried (2017) and Xing (2017).
Similarly, the comparison theorem in Schroder and Skiadas (1999) is developed in a complete-
market setting, and even there it compares the utility from the optimal consumption plan with
that from an alternative consumption plan. Hence, it does not allow a comparison between utility
processes associated with two arbitrary consumption processes.

Motivated by the above, this study develops the Epstein—Zin SDU for the unit-EIS case along
three dimensions. First, we establish existence under jump uncertainty and mild integrability con-
ditions, relaxing the “all-exponents” moment requirement in Schroder and Skiadas (1999). Second,
we prove a comparison theorem for utility processes associated with two arbitrary consumption pro-
cesses. Then, we derive uniqueness within the comparison class characterized by our comparison
theorem. In this sense, our comparison-based uniqueness complements the fixed-point uniqueness
result of Schroder and Skiadas (1999).

Let us briefly review the conditions assumed in Schroder and Skiadas (1999). Under a purely
Brownian environment, Schroder and Skiadas (1999) assume that a progressively measurable and
right-continuous consumption process C' on a finite horizon [0, 7] satisfies the following inequality

for any constant [ € R:
T
E[/ ]Ctldt} < .
0

In the finite-horizon case, this assumption may be acceptable because it is satisfied when consump-
tion follows a geometric Brownian motion. However, in the infinite-horizon case (T' = o0), the
“all-exponents” requirement is somewhat strong. Even if a discount factor is introduced, integra-
bility for every | € R may be overly demanding in standard specifications such as a geometric
Brownian motion, because the growth rate of E[|Cy|'] is unbounded as |I| — oco. This motivates
our integrability conditions that remain compatible with the infinite-horizon construction. In this
study, we impose integrability at the exponent [ = 1—+y (7 is the coefficient of relative risk aversion)
together with a logarithmic growth condition.

The SDU is often characterized as a solution to backward stochastic differential equations
(BSDEs). The BSDE is determined by the aggregator and the terminal condition. However, the
unit EIS Epstein—Zin SDU involves a non-linear aggregator that is neither Lipschitz nor monotone
in the utility index. Standard BSDE theory relies on the Lipschitzness or monotonicity of the
aggregator (for example, see Delong (2013)). Therefore, it may be difficult to directly apply the
existence result for BSDEs to demonstrate the existence of the SDU.

To address this issue, we employ a monotone transformation of the SDU. By applying an
appropriate transformation, the utility index follows a quadratic—exponential growth BSDE (with
finite-activity jumps). Indeed, Schroder and Skiadas (1999) also utilize a monotone transformation
of the SDU. However, Schroder and Skiadas (1999) do not use BSDE arguments and instead rely
on fixed point theory. To employ the fixed point argument, the aforementioned “all-exponents”
integrability condition is required. Meanwhile, in this study we directly solve the BSDEs for the
transformed utility index owing to recent advances in the theory of quadratic-exponential growth
BSDEs with jumps.

We also study the relationship between the unit EIS Epstein—Zin SDU and the robust utility
proposed by Hansen and Sargent (2001). As discussed in Skiadas (2003), robust utility with relative



entropy costs is observationally equivalent to an SDU. Indeed, Maenhout (2004) demonstrates
this observational equivalence in the case of EIS # 1. In this study, we establish observational
equivalence in the case of EIS = 1 under jump uncertainty.

Applied studies often consider an infinitely lived agent, so the utility process is defined on an
infinite horizon. Recent studies such as Herdegen, Hobson, and Jerome (2023b), Herdegen, Hobson,
and Jerome (2025), and Shigeta (2025) demonstrate the existence of infinite-horizon Epstein-Zin
SDUs in the case of EIS # 1. In this study, we characterize the infinite-horizon unit EIS Epstein—Zin
SDU as the limit of its finite-horizon counterparts as the horizon tends to infinity.

Finally, we consider a Merton problem under jump uncertainty inspired by the setting in
Wachter (2013). Applying techniques similar to those in Kraft et al. (2017), we demonstrate a
verification theorem for an associated HJB equation. As noted above, the HJB equation in the
unit EIS case is simpler than in general cases. However, market incompleteness makes the HJB
equation non-linear, so the analysis is not trivial.

After the seminal work of Duffie and Epstein (1992), numerous studies have investigated the
Epstein—Zin SDU from a mathematical perspective. For the finite-horizon case, see Duffie and
Lions (1992), Schroder and Skiadas (1999), Kraft, Seifried, and Steffensen (2013), Seiferling and
Seifried (2016), Kraft et al. (2017), Xing (2017), Matoussi and Xing (2018). For the infinite-horizon
case, see Dang (2021), Herdegen, Hobson, and Jerome (2023a), Herdegen et al. (2023b), Herdegen
et al. (2025), and Shigeta (2025). However, many of the above studies consider only the case of
EIS # 1, except for Schroder and Skiadas (1999). As noted earlier, the major obstacle in the
unit-EIS case is the non-linearity of the aggregator. One approach to address this non-linearity is
to apply a monotonic transformation to the utility index. However, even though the BSDE for the
transformed utility has an aggregator that is linear in the utility index, it contains non-linear terms
with respect to the coefficients of the Brownian motion and the jump measure (quadratic in the
Brownian control and exponential in the jump integrand). To handle this non-linearity, Schroder
and Skiadas (1999) impose a suitable terminal condition and construct a mapping to invoke a fixed
point argument under strong integrability conditions. This enables them to prove the existence
and uniqueness of the corresponding utility process.

After Schroder and Skiadas (1999), the literature has made substantial progress in analyzing
BSDEs that exhibit the same type of non-linearity as the transformed equation: Kobylanski (2000)
and Briand and Hu (2008) for Brownian quadratic BSDEs, and Royer (2006), Becherer (2006),
Morlais (2009b), Morlais (2009a), Morlais (2010), Possamai, Kazi-Tani, and Zhou (2015), and
Fujii and Takahashi (2018) for Brownian-jump quadratic-exponential BSDEs. These developments
allow us to analyze the BSDE characterizing the unit EIS Epstein—Zin SDU more directly. As a
benchmark, we mainly use the techniques of Morlais (2009b) and Fujii and Takahashi (2018) to
demonstrate the existence of the unit EIS Epstein—Zin SDU for bounded consumption. Then, our
main novelty here is to extend the analysis to unbounded consumption under a broader integrability
class by exploiting the unit-EIS Epstein—Zin structure.

The remainder of this paper is as follows. Section 2 introduces the baseline setup in this study
and demonstrates the existence, uniqueness, comparison theorem, and economic properties of the
unit EIS Epstein—Zin SDU, including concavity, observational equivalence between robust utility
and the unit EIS Epstein—Zin SDU, and the infinite-horizon utility. Section 3 considers an optimal
consumption-investment problem under the unit EIS Epstein—Zin SDU in incomplete markets and
presents a numerical illustration for the optimal solution. Section 4 concludes, and Appendix A
provides proofs of Lemmas and Propositions omitted in the main text.



2 The Epstein—Zin SDU with Unit EIS

Initially, we introduce the mathematical setup in this study. Let T be a finite positive constant.
Let (€2, F,P) be a probability space with a filtration F := (F),c[o,7] satisfying the usual conditions.
Further suppose that Fp is trivial and F = Fp. Let E be the expectation operator on (2, F,P),
and let E.[-] := E[- | F;] for an F-stopping time 7 on [0,7]. On the filtered probability space
(Q, F,F,P), let B be a d-dimensional standard Brownian motion, and let p be an integer-valued
random measure on ([0, 7] x R%, B([0, T]) @ B(R%)). d and d; are finite positive integers. To clarify
the measurable space for jumps, we write (J,J) := (R%, B(R%)). For the jump measure p, we
adopt the setting in Becherer (2006): we denote by v the compensator of p. Suppose that v can
be decomposed as
v(w,dt,dz) = Mw, t, x)((dx)dt,

where A is a predictable, bounded, non-negative function and ¢ is a probability measure on (J, J)
(without loss of generality, by absorbing the total mass into A). Hence, there exists a positive
constant K ; such that

T
/ / Mo, £, 2)C(da)dt < KT,
0 J

almost surely (a.s.). Thus, v([0,7] x J) < oo holds a.s. so the jump measure has finite activity.
For notational convenience, subscripts represent the time variable ¢ € [0, 7] in the random field.
Although the random field may depend on w € 2, we often omit this argument in the notation for
simplicity. For a real-valued predictable random field ;(x) := ¥ (w, t,x) on [0,T] x J, the integral
of ¢ with respect to p is defined as

(W * p) = /0 /st(x)u(ds,d:):) = / Y(w, s, x)p(w,ds, dz), t€[0,T7].

[0,¢]xJ

Similarly, we define ((¢) * v)¢);e[o,7) for the compensator measure v. By the compensation formula,
E[(|¢|* 1)7] = E[(|¢| *v)7] holds whenever the integrals are well-defined. In addition, if ¢ is locally
integrable with respect to p and v, then 1 is also integrable with respect to the compensated
measure f = p— v, and ((¢ * [1)t)se[o,7] is a discontinuous local martingale. As in Becherer (2006),
we further suppose the following.

Assumption 2.1 (Weak predictable representation property) For any square-integrable F-
martingale M, there exist a d-dimensional progressively measurable process Z and a real-valued
predictable random field 1 on [0,T] x J such that

t t
Mt=M0+/ ZSTdBS+/ /ws(az)ﬁ(ds,dx), te 0,7,
0 0 JJ

and

| | " zas + / ' [ 1@ PA@cnas] <

Here, the superscript T denotes the transpose of a vector or matriz, and || -|| denotes the Euclidean
norm on R%.

Since our construction proceeds by solving a sequence of Lipschitz BSDEs in an L2-framework



via truncation and approximation, it is sufficient to impose the above representation property for
square-integrable martingales.

It is well known that Assumption 2.1 holds when F is the augmentation of a filtration generated
by a Lévy process with characteristic triplet (c,3,7) where ¢ € R and 8 € R? are constants and v
is a deterministic measure on (J,7) (e.g., Theorem 5.3.6 (martingale representation theorem) in
Applebaum (2009)). In general settings, however, it is not clear whether Assumption 2.1 holds.
Therefore, in this paper, we impose Assumption 2.1.

2.1 Existence, comparison, and uniqueness

We define an Epstein-Zin SDU with a unit EIS. Let v € (0,1)U(1, co) denote the constant coefficient
of relative risk aversion, and let ¢ € (0,00) be the constant subjective discount rate. Let f(c,v) be
a real-valued function such that

1
fle,v):==0(1 —7)v <logc— T

log ((1 - 7)@)) , (2.1)
for (c,v) € (0,00) x R with (1 —~)v > 0. We now present the formal definition of the Epstein-Zin

SDU with a unit EIS.

Definition 2.2 (Epstein—Zin SDU with a unit EIS) For a (0,00)-valued, progressively mea-
surable, and right-continuous process C' = (Ct)te[O,T] and an Fp-measurable random variable & with
(1 =%)§ >0 a.s., a unit EIS Epstein-Zin SDU of (C,§), denoted by U(C,§) = (U(C,§))sejo,r, 5
a progressively measurable and cadlag process satisfying

T
Uxasrzm[l F(CoUL(C.6))ds + €] (2.2)

with (1 —)U(C,&) > 0 a.s. for allt € [0,T], and the right-hand side is finite for all t € [0,T] a.s.

Note that (1 —~v)U(C, &) > 0 implies U¢(C,€) < 0 when v > 1 and Uy (C, &) > 0 when v < 1. The
function f in (2.1) is indeed the generator of the unit EIS Epstein—Zin SDU. To see this, consider
the generator of a general Epstein-Zin SDU with EIS ¢ € (0,1) U (1, 00) given by

(1—yv -t
5(1 9 (((1 = 1>. (2.3)

Then, it can be seen that

. (= cl=1/s 1) =501 — e (1owe — 1
251%5(11/@‘)(((1_7)@)15—15 1>_5(1 ) (lg 1=~

l%ﬁl—w®>=f®w%

for any (c,v) € (0,00) x R with (1 —+)v > 0. From this relationship, (2.1) can be regarded as the
generator for the Epstein-Zin SDU with unit EIS.

Schroder and Skiadas (1999) demonstrate the existence of the unit EIS Epstein-Zin SDU. We
restate their main result using the notation of this paper:



Theorem 2.3 (Theorem 1 in Schroder and Skiadas (1999)) Let F? = (]:tB)te[O,T] be the
augmentation of a filtration generated by the Brownian motion B. Suppose that a consumption
process C = (Ct)iepo,1] 18 Tight-continuous and FB -progressively measurable, taking values in (0, 00)
and that for any l € R,

E[/(]T]Ctldt} < 0. (2.4)

Further suppose that 1 —~ < § and the terminal value is & = 1/(1 —~). Then, there exists a unique
unit EIS Epstein—Zin SDU of (C,&) with (1 —~v)U(C,§) > 0 a.s. for any t € [0,T].

While the result of Schroder and Skiadas (1999) is a seminal contribution that provides a mathe-
matical foundation for analyzing the unit EIS Epstein—Zin SDU, several features of their framework
are restrictive for many modern applications. First, their analysis is conducted in a purely Brow-
nian environment and does not include jump risk, which is often used in applied studies such as
Wachter (2013). Indeed, their proof exploits the fact that a monotone transformation of the utility
process is a solution to a quadratic Brownian BSDE, so it does not cover settings with jumps. Sec-
ond, the integrability condition (2.4) is too restrictive. Subsequent work on the non-unit EIS case
has established existence and uniqueness under weaker conditions (e.g., Xing (2017)). Third, the
terminal value is fixed as a constant, whereas in many applied studies, the terminal value (i.e., the
bequest utility) is stochastic. Finally, their results are stated for a finite horizon, and an infinite-
horizon extension is not addressed. In the following analysis, we aim to relax these assumptions.
Specifically, we extend their framework to incorporate jump processes and a stochastic bequest
utility under a weaker integrability condition. The infinite-horizon case is provided in Section 2.3.

Assume that the unit-EIS Epstein—Zin SDU U(C,¢§) satisfies the integrability condition £ +
fOT |f(Cs,Us(C,€))|ds € L. Then, the defining equation (2.2) in Definition 2.2 implies that the
process

t
My = Ut<c,5>+/0 F(CoUL(C,6)ds,  te[o,T],

is an F-martingale. In particular, if M is square-integrable, then Assumption 2.1 yields the existence
of a progressively measurable process ZU and a predictable random field 1V on [0, 7] x J such that

T T T
Uy(C,€) =&+ /t F(Cs, Us(C,€))ds — /t (z0)"daB, — /t /J ¢ (z)fi(ds, dx),  (2.5)

for any ¢ € [0,7]. Hence, under the above integrability assumptions, the unit EIS Epstein—Zin
SDU can be characterized as a solution to the BSDE with jumps (2.5). As shown in Kraft et al.
(2013), the generator of the Epstein-Zin SDU in the general case (2.3) is monotone in v when
(1 =7)/(1 —=1/s) <1, so the standard theory for monotone BSDEs can be applied. In contrast,
the generator in the unit EIS case (2.1) is neither Lipschitz nor monotone. Therefore, it may be
difficult to directly solve the BSDE (2.5).

To overcome the above difficulty, we consider a monotone transformation of U(C, §): let

Viim o log (L= 0W(C,0). e T

which is well-defined as long as (1 — v)Ux(C,€) > 0 and 1 + Y (x)/U;—(C,€) > 0 holds v-a.e.



Applying the generalized Ito formula to Y yields

T T T
Y;:5Y+/ g(s,cs,xg,zs,¢s)ds—/ ZJdBS—/ /st(x)ﬁ(ds,dx), (2.6)
t

t t

for ¢t € [0, T], where

_ (1-7)é(=) _
gltsc.1,2.0) = Bloge =)+ 52 el + | (Ml - ¢<x>) M()C(d),

— 1 U _ g(1-)Ye yU ._
SR Ty A eNI R Zoe el

= 1ivlog ((1—7)5)'

1 v (2) >

1
lo 1_|_57
B g( U._(C,€)

3

The generator g is Lipschitz in Y, so (2.6) is simpler than (2.5) in terms of Y, although Z and
1 appear in g. Schroder and Skiadas (1999) also adopt this transformation under the Brownian
environment. Accordingly, instead of tackling (2.5) directly, we work with (2.6) and then verify
that the inverse transformation yields a unit-EIS Epstein—Zin SDU in the sense of Definition 2.2.
Hereafter, we exploit the BSDE (2.6).

We next introduce a set of admissible pairs consisting of a consumption process and a terminal
value for which we establish existence. Let Cr be the set of (0, c0)-valued, progressively measurable,
and cadlag processes on [0,7], and let LlT be the set of integrable and Fpr-measurable random
variables. For any constant p € (0,1) U (1, 00), define

T
Cpr = {(C,g) €CrxLi:E [/0 |Cy|tPdt + ]6@ < oo}, (2.7)

T
Cir = {(C’,ﬁ) €eCrxLh:E [/0 | log Cy|dt + | log ((1 — 7)5)@ <oo, (1=7%)¢>0 a.s.}.
(2.8)

Furthermore, define a subset of Cy 7NCy 7, denoted by CE,T’ such that for any (C, &) € C;E,T’ there ex-

ists a non-negative, right-continuous, and progressively measurable process K (¢4) := (K,
satisfying

te[0,T

g Cs\1=7 (1 —7)¢
—5(s—t) (Cs —5(T—t) v < i(G8)
E; /t de (Ct) ds+e Ctl_A’ <K, 7Y, (2.9)
for all ¢ € [0,7] a.s. and
r c c
IE[/ 1V CNYED + 1) log(K) +1)dt] < 0. (2.10)
0

The conditions (2.9) and (2.10) are required for the unit EIS Epstein-Zin SDU under a unbounded
consumption process and a terminal value having the form (2.2). If C' and (1 — )& are bounded
above and away from zero, then (C,§) € C,r N Cy r satisfies (2.9) and (2.10). Thus, (C,§) € CE,T
in this bounded case. For convenience, let C? be a subset of Cp x L%F such that for any (C,¢) € C?,
C and (1 — )¢ are bounded above and away from zero. By the above discussion, we have C8 C



CET. Furthermore, a consumption process satisfying the conditions in Schroder and Skiadas (1999)
(Theorem 2.3) also belongs to CETl.

A key ingredient in the follo;)ving discussions is the “sandwich” property of the Epstein—Zin
SDU. Define

cl-p ]
w(e)=31—p P7 c € (0,00), (2.11)
logc7 p = ]"

where p € (0,00) is a constant. u, is a constant relative risk aversion (CRRA) utility (also known
as a power utility) function with a coefficient p. If the unit EIS Epstein—Zin SDU exists, it is
bounded between a time-aggregated CRRA utility u,(C;) and a monotone transformation of a
time-aggregated logarithmic utility log C;. This a priori estimate property allows us to establish
the existence of the unit EIS Epstein—Zin SDU. As a result, the following existence result holds.

Proposition 2.4 (Existence) For any (C,§) € C«I;],T; there exists a unit EIS Epstein—Zin SDU of
(C,&) such that

T
0 <exp {Et [/ s 0671 Jog Cl7ds + e 0T 10g ((1 — 'y)f)} }
t
T
< (1=NU(C, &) < Ey [ / §e~ IO ds + e (1 - 7)&] , (2.12)
t

holds for all t € [0,T], a.s.

The proof of Proposition 2.4 is provided in Section A.1, and we offer a brief sketch here. First,
we consider the BSDE (2.6) with truncated (i.e., bounded) consumption and terminal values. By
the sandwich property of the Epstein—Zin SDU, we obtain uniform upper and lower bounds for
an approximating sequence of solutions to (2.6). We then show that this sequence converges to
a solution of the BSDE (2.6). In addition, the resulting solution can be transformed into the
representation given in Definition 2.2. Second, we address the case of unbounded consumption and
terminal values. From the above argument, we obtain a sequence of unit EIS Epstein—Zin SDUs
associated with truncated consumption and terminal values. Under conditions (2.9) and (2.10),
we then take the limit as the truncation levels increase to infinity, establishing the solution for the
unbounded case.

For uniqueness, we establish a comparison theorem for the unit EIS Epstein—Zin SDU. Under
boundary assumptions, the following result holds.

Proposition 2.5 (Comparison) Fiz C € Cr. Let US"™ and U™ be a progressively measurable,

!Suppose that a consumption process C satisfies the integrability condition (2.4) for all exponent I € R. Set

.6 T sty [ Cs 1—vy e~ 8(T—1)
Kt ’ = Et|:/ de s <a> dS—‘rW N te [07T]
t t

From log(1 4+ z) < z for any > 0, the Young inequality, and the Jensen inequality, we can see that C' and K(©®
with € = 1/(1 — ~) satisfy the inequality (2.10).



cadlag, and uniformly integrable sub/super SDU on [0,T] such that
¢
Usp +/ f(Cs, US™P)ds is a local supermartingale,
0
t
Utsub +/ f(cs, USSUb)ds s a local submartingale,
0

with (1 — U™ > 0 and (1 — y)Us"™ > 0 for any t € [0,T] a.s. Additionally, suppose that
U > Us™ a.s.
Further assume one of the following.

1. The case of v > 1: there exists a positive constant K such that Ku,(Cy) > Ut a.s. for any
te0,7].

2. The case v < 1: there exists a positive constant K such that Ku,(Cy) < U;"" a.s. for any
t € [0,T].

Then, U;"P > U™ holds for any t € [0,T] a.s.

The proof of Proposition 2.5 is provided in Section A.2. A key ingredient for the comparison
theorem is the partial derivative of the generator f(c,v) with respect to v. The homothetic property
of Epstein—Zin SDUs implies that for any a,c € (0,00) and v € R with (1 —~)v > 0, a!™7 f(c,v) =
f(ac,a'~7v) holds. Set a = ¢!, and then f(c,v) = f(1,v/c'=7)c' 7. Hence,

of(c,v) af(1,v/ct=7)

Ov Ov ’

for any (c,v). Thus, 0f(c,v)/0v is a monotone function of the ratio v/u-(c) because f(c,v) is
convex in v when v > 1 and concave in v when v < 1. Therefore, we can prove the comparison
theorem by applying the integration-by-parts formula and the optional sampling theorem when the
process U;/u~(Ct) is bounded away from zero.

To establish uniqueness, we define a subset of CE,T. Let Cf/{ € CET be a consumption set such

that for any (C,§) € CE,T’ there exists a constant K satisfying
T
E; [/ 6e°6 D 1og C17ds + 0T 1og (1=7)8)| = K +log Ctl_W, (2.13)
t

for any t € [0, 7] a.s. We can easily see that C2 C CE r- The following corollary then holds.

Corollary 2.6 (Uniqueness) For any (C,§) € CHT, the unit EIS Epstein-Zin SDU of (C,§)
constructed as in Proposition 2.4, denoted by U, satisfies that for some positive constant K > 0,
Kuy(Cy) > Uy for any t € [0,T] a.s. if v > 1, and Kuy(Cy) < Uy for any t € [0,T)] a.s. otherwise.
Thus, under the consumption set CHT, the unit EIS Epstein—Zin SDU exists and is unique in the
class where Ug/u~(Cy) is bounded away from zero.

From inequalities (2.12) and (2.13), we obtain the ratio bound of the unit-EIS Epstein-Zin SDU
in Proposition 2.5. Thus, the proof of Corollary 2.6 is immediate, so we omit it. We next discuss
economic properties of the unit EIS Epstein—Zin SDU.



Proposition 2.7 On CHT, the unit EIS Epstein—Zin SDU constructed in Proposition 2.4 satisfies
the following.

. (Homotheticity) For (C,§) € CUT and any positive constant p > 0, the unit FIS Epstein—Zin

SDU of (C,&) multiplied by p1 7 coincides with the unit EIS Epstein-Zin SDU of (pC, pl 7E).
2. (Monotonicity) For (C, {) (C §) € Cv 7, Suppose C, < C, for any t € [0,T] and £ < £ a.s.

Then the unit EIS Epstein-Zin SDU of (C’ f) is not smaller than that of (C, f) a.s.
3. (Concavity) For (C,£),(C,€) € T and a constant p € [0,1], suppose that (pC' + (1 -

p)é’,uw(pu7 &)+ (1— puy Lie ) ) € C,IY{T. In the case of v > 1, further assume (pC + (1 —
p)é,pg—k (1 —p)g\) satzsﬁes (2.9) and (2.10). Then, the following inequality holds:

\/\/

~

pUL(C,€) + (1 — p)Us(C,€) < Uy (pC + (1 — p)C, uy (pus(€) + (1 — p)u; (6))),
for any t € [0,T] a.s.

Section A.3 provides the proof of Proposition 2.7. Given our comparison result (Proposition
2.5), the proofs of Proposition 2.7 are straightforward. This result is an important contribution, as
Duffie and Epstein (1992) only addresses the case of a Lipschitz aggregator, whereas our framework
covers the unit EIS Epstein—Zin SDU, whose aggregator is not Lipschitz.

2.2 Observational equivalence between a unit EIS Epstein—Zin SDU and a ro-
bust utility with a log felicity function and relative entropy costs

We examine the observational equivalence between a unit EIS Epstein—Zin SDU and a robust utility
with a log felicity function and relative entropy costs. In the robust utility framework of Hansen and
Sargent (2001), the agent acknowledges possible model misspecification and evaluates utility under
the worst-case distribution, while deviations from the reference model are penalized by relative
entropy costs. In this sense, the robust utility represents the preferences of a pessimistic agent.
Skiadas (2003) shows that, in a Brownian setting, the robust utility is observationally equivalent to
a recursive stochastic differential utility. In this subsection, we extend this result by demonstrating
that this equivalence also holds in the Brownian—jump setting.

We define M as the set of pairs (Z,1) where Z is a d-dimensional progressively measurable
process and 7 is a real-valued predictable random field on [0, 7' x J such that, for each (Z, 1) € M>,
there exist constants K > 0 and € > 0 satisfying

T T
| 1zitas [ [ m@ps@cani < g s,

Yi(z) > —1+€ dP®dv-a.e. on [0,7] x J.

For any (Z,v) € M, consider the right-continuous local martingale M defined by

/ z/!dB, +/ /zps fi(ds,dz), teo,T). (2.14)

M is indeed a square-integrable martingale since (Z,1) € M. Define the Doléans-Dade (stochas-
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tic) exponential of M as

E(M) :=exp {Mt - ;<M0>t} H (1 + AMS)G_AMS, te[0,T7, (2.15)
0<s<t

where M€ denotes the continuous part of M, (M€) denotes its quadratic variation, and AM; =
M; — M;_. It is well known that £(M) solves the following SDE:

A&, (M) = &_(M)AM,, Eo(M) = 1.

In standard change-of-measure arguments, the stochastic exponential £(M) can be regarded as the
likelihood ratio process. If £(M) is strictly positive and uniformly integrable, this measure change
is valid owing to the Girsanov theorem. Under the new probability measure, the drift and jump
compensator of a stochastic process are shifted. A central issue is whether £(M) is strictly positive
and uniformly integrable. It is well known that the Kazamaki condition and related criteria provide
sufficient conditions.

Proposition 2.8 For any (Z,1) € M, let M be the right-continuous square-integrable martingale
defined in (2.14). Then, the stochastic exponential of M, E(M), is strictly positive and uniformly
integrable. Furthermore, there exists a probability measure Q on (2, F), equivalent to P, such that
E(M) is the Radon—Nikodym derivative process of Q with respect to P:

dQ
T = Er().

On the probability space (0, F,Q), By — fot Zsds is a d-dimensional Brownian motion and the
compensator of p is (1 + ¢(z))v(dt,dx). Equivalently, p(dt,dx) — ¢ (x)v(dt,dz) is a Q-local
martingale random measure.

Let MZ%) be the right-continuous martingale defined in (2.14) with a pair of coefficient pro-
cesses (Z,9) € M™. Let Q(Z”Z) be the probability measure on (€2, F) defined by dQ(ZQZ) =
ET(M(Z’J))dP. Let EZ%) be the expectation operator under Q(Z’QZ). For any (2, QZ) € M*°, define
the relative entropy cost between P and Q(Z@ by

~ o~ = T s M(Z:TZ) M(Z{/;)
Ri(Z, ) := EEZ““ / Se 96V 1og Ljds +e 0T ]0g LM) , tel0,T].
Then, the robust utility of C' € Cr under the log felicity function is
57 T ~ ~
throb.,O(C) = ,{nf {Eg W) [/ 56—5(s—t) log Cyds + 6—5(T—t) log CT:| + HRt(Z, w)} , (216)
(Zp)eM> t

where 6 > 0 is a constant. The robust utility (2.16) can be written in a simpler form. From the

11



generalized Ito formula, we have

dbgauwéﬁhzz;—QMZW+1L(mg(1+&ww0-—Jam)xxmcmxﬂdt

+

7, dB, + /J log (1 n Jt(x))ﬁ(dt, dz)

= (3120 5 [ (1450 08 (1-+-0ue)) — ) Mtorctan)]

+ ZTdBZ) 4 / log (1 + Py (x )) (Z9)(dt, da),

where (B(Z%,ﬁ(z{/})) denotes the Brownian motion and compensated random measure under
Q%Y Since (Z,1) € M, the stochastic integrals are true martingales under Q%Y. Let

szﬂm:Q@W+A(@+@mﬁ%0+%m0—%mﬁ&m«mxte&ﬂ-

Then,

5 7 (Z V) (Z)
Ri(Z,v) :Egz,w) / ge 060 logg o(M ~~)d3+e o(T *t)log‘%(Miw)
E(M(Z) E(MZ))

~ ~ ~ T =~ e
E(Z9) / e—3(s—1) / Ry (Zy, by )drds + e 0T / RT(Zr,wr)d?“]
t

~ o T o
— g7V / ( / Se=3(s= tds) Ry(Zy,by)dr + 3T / Rr(zr,wr)dr]
t
E(Z9) / e R(Z,, 1)d ] te0,7].
LSt

Thus, (2.16) can be expressed as

~ ~ T S
vl cy= inf EZY { / e5(8t)(élong—|—9R5(Z8,¢5)>ds+e5(Tt)logCT]. (2.17)
(Zy)eM> t

Then, the following observational equivalence result holds.

Proposition 2.9 Let 6 > 0 be a constant. For any (C,u141/9(Cr)) € CF, let UBZIH10(C) be an
unit EIS Epstein-Zin SDU of (C,u141/9(Cr)) with RRA 1+1/6. Then, u1+1/9(exp{}/tr°b"9(C)}) =
UtEZ’Hl/G(C) a.s. on (Q, F,P) for any t € [0,T].

The proof of Proposition 2.9 is provided in Section A.4. The robust utility represents the

objective function of a pessimistic agent. In contrast, we may define an objective function for an
optimistic agent as

_ T -
Yt‘)pt"e(C) = sup {EEZ#}) [/ §e 96 og Cyds + e T Jog CT] - HRt(Z,zp)} , (2.18)
(Z p)eM>® ¢

12



where 6 > 0 is a constant. From an argument analogous to the proof of Proposition 2.9, we obtain
the following corollary.

Corollary 2.10 Let 0 > 1 be a constant. For any (C,u;_y,9(Cr)) € CB, let UPZI=1/9(C) denote
the unit EIS Epstein—Zin SDU of (C,uy_1/9(Cr)) with RRA1-1/0. Then, ul,l/g(exp{)QOpt"e(C’)}) =
UtEZ’l_l/e(C) a.s. on (Q, F,P) for any t € [0,T].

The proof of Corollary 2.10 is essentially the same as that of Proposition 2.9, so it is omitted.

2.3 Infinite horizon
We now turn to the infinite-horizon unit-EIS Epstein—Zin SDU. We begin with a formal definition.

Definition 2.11 (Infinite-horizon unit EIS Epstein—Zin SDU) For any consumption process
C = (Ct)tefo,00), @ progressively measurable and cadlag process U(C) = (U(C))ie(0,00) i an infinite-
horizon unit EIS Epstein-Zin SDU of C if: (1) (1 —v)Us(C) > 0 for any t € [0,00) a.s.; (2) it is
of class DL; and (3) for any 0 <t < T < oo, it satisfies

T
G(C) =E|Ur(©)+ [ F(C.vC)as). 2.19)
t
Next, we consider an admissible set of consumption processes. Let C‘EOO denote the set of
consumption processes on [0,00) such that each C' € C¥ is (0,00)- valued, right-continuous,

progressively measurable, and satisfies the following two integrability conditions: (1) the infinite-
horizon integrability condition:

E[/ eiét(Ctl_7+ logCt\)dt] < 0.
0

(2) the finite-horizon integrability condition: there exists a non-negative, right-continuous, and
progressively measurable process K¢ = (K)o on [0,00) (depending on C) such that, for any

finite t € [0, 00), it satisfies
00 1—y
E, [/ e~ 0(s=t) (Cs> ds} < KF,
t Ci

E[/Ot (1v O (KE + 1) log(KE + 1)ds] < 0.

and

The following proposition establishes the existence of the infinite-horizon unit EIS Epstein—Zin
SDU on CE o

Proposition 2.12 For any C € CE__, there exists an infinite-horizon unit EIS Epstein-Zin SDU

¥,007

of C, denoted by U(C). It satisfies

0 < exp {Et [/ 5e 3 Jog C’;”ds] } < (1—=7y)U(C) < E; [/ 5e 3 DCITds| < oo,
t t

(2.20)
for any t € [0, 00).
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The proof of Proposition 2.12 is given in Section A.5. As shown in the proof, the infinite-horizon
utility in Proposition 2.12 is obtained as the limit of the finite-horizon utilities as the maturity
tends to go to infinity. Consequently, the infinite-horizon utility inherits the economic properties
established in the finite-horizon setting (see Proposition 2.7).

To establish uniqueness, we provide the following comparison result.

Proposition 2.13 Suppose that there exist two infinite-horizon unit EIS Epstein—Zin SDUs of a
consumption process C' € CEOO, denoted by UY(C) and U?(C), and two positive constants K and K
with 0 < K < K < oo such that '

Ui (C)
uy(Cy)

for any t € [0,00) and i = 1,2. Then, U}(C) = UZ(C) holds for any t € [0,00) a.s.

K< <F, (2.21)

Section A.6 provides the proof of Proposition 2.13.

Remark 2.14 Combining inequality (2.20) and Proposition 2.13, the infinite-horizon Epstein—Zin
SDU of C € CEOO is unique within the comparison class of Proposition 2.13 if there exist constants
Ky € R and Ky > 0 such that for any t € [0,00),

Et[ / 5e7 06D og C17ds| > Ky +1logC; ™7, and Et[ / 5eNCIds| < KoC) 7.
t t

These inequalities are convenient sufficient conditions for the ratio bounds required in Proposition
2.13. Moreover, they also imply condition (2) in the definition of C,;Epo. In particular, they hold
when C' is uniformly bounded above and away from zero.

In this section, we have examined the existence and uniqueness of the infinite-horizon unit EIS
Epstein—Zin SDU, motivated by its popularity in applied research. In the next section, however,
we return to the finite-horizon formulation for tractability. Because the finite-horizon unit EIS
Epstein—Zin SDU converges to its infinite-horizon counterpart as the horizon goes to infinity, solving
the finite-horizon problem provides a key step toward understanding the infinite-horizon case.

Remark 2.15 In applied studies, the infinite-horizon recursive utility is often written as
Ui (C) :Et[/ f(Cs,Us(C))ds |, t €10, 00). (2.22)
t

The representation (2.22) is convenient, but a fully rigorous justification typically requires additional
conditions (e.g., a transversality condition ensuring that EJUr(C)] — 0 as T — o0). In contrast,
the finite-horizon-consistent formulation (2.19) does not impose such additional conditions. More-
over, the infinite-horizon utility process can be uniquely defined even without transversality, as seen
in Propositions 2.12 and 2.13. In many applications, arguments written in terms of (2.22) can be
carried out under the more general formulation (2.19) with little or no change. Accordingly, we
adopt (2.19) as our baseline representation for the infinite-horizon case. For related discussions,
see Herdegen et al. (2023a) and Shigeta (2025).
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3 An Optimal Consumption—Investment Problem

3.1 Setting and verification

We consider a finite-horizon optimal consumption-investment problem as an application. Suppose
d=2and d; =1 (ie.,, J = R). Let (B!, B?) be a two-dimensional Brownian motion. Let n be a
stochastic process satisfying

diy = a(ne)dt + B(m)dBy, (3.1)

where @ : R — R and g : R — R are measurable functions. Let u be a random measure on
([0, 7] x R,B([0,T]) ® B(R)), whose compensator v satisfies
v(dt, d) = An;)¢ (do)dt,

where A : R — [0,00) is a non-negative measurable function and ¢ is a probability measure on
(R, B(R)). Let S and S denote the prices of a risk-free asset and risky asset, respectively. (SY,9)
satisfies the following SDE:

dS)? = T(Ut)sgdt,
ds} = s- <m(nt)dt + o (n)dB? + / xp(dt, dx)),
R
where 7, m, and o are measurable functions from R to R. We impose assumptions on (o, 5, A\, {, 7, m, o)
as follows.
Assumption 3.1

1. a, B, A\, 7, m, and o are bounded, Lipschitz continuous, and continuously differentiable with
Lipschitz continuous derivatives.

(B,0) satisfies the uniform ellipticity condition: inf,cr |B(n)] > 0 and inf,cr |o(n)| > 0.

Jg |[22¢(dz) < 0o and there exists a constant € € (0,1) such that (([—1 + €,00)) = 1.

4. There exists a finite constant Ky < 0 such that, for any n € R, the following inequality holds:

Lo o

m(n) — r(n) — v02(n) K + A(n) /R (1+ Kpz) z((dz) > 0, (3.2)

Further suppose 1 + Kz > 0 for any x € A where A is a set in B(R) satisfying ((A) = 1.
5. There exists a finite constant Ky € (0,1/(1 — €)) such that for any n € R, the following
inequality holds:

m(n) — () — ro2(n) K + A(n) /R (1 + Fnz) 2((dz) < 0. (3.3)

Further suppose that 1+ Kpx > 0 for any x € A where A is a set in B(R) satisfying ((A) = 1.
6. Forp=0,1,2, the following inequality holds.

sup /(1 + ILz) 777 P|zP¢(dx) < oo. (3.4)
HE[KI'DFH] R
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Furthermore, the following inequality also holds.

sup /(1 + Iz)*=7)¢ (dz) < 0. (3.5)
He[ﬁl‘[vflﬂ R

The conditions (3.2), (3.3), (3.4), and (3.5) are technical requirements used to ensure the existence
of an admissible optimal portfolio process.

Let C := (Ct)sejo,r) and 11 := (IIy)¢[o,77 denote a consumption process and a portfolio process,
respectively. The corresponding wealth process W := (W})c[o,7] controlled by (C,II) satisfies

as?
Sp

ds}

th = Wt_ <(1 - Ht) + Ht_T
Sk

) Gt
= |:Wt <7“(7]t) + me(nt)l'[t> — Ct:| dt + thtd(nt)dBtz + / Wt_Ht_.%'M(dt, dx),
R

where m(n) := m(n) —r(n). Let (W &G pn) denote the wealth and state variable processes

starting from (Wt(t’w’n);(c’n),n?) = (w,n) € (0,00) x R and controlled by (C,II). We define an
admissible set of (C,1I) as follows.

Definition 3.2 (Admissible set) Fiz a constant k > 0. For any (t,w,n) € [0,T] x (0,00) xR, a
pair of a consumption process and portfolio process (C,11) is admissible under the initial condition

(t,w,n) if it satisfies the following.
1. Wtwni(CID) has g strong solution on [t,T], taking values in (0,00).

2. (C,EUW(W}t’w’n);(aH))) € CS,T' Moreover, 11 is bounded, right-continuous, and predictable,
and satisfies a.s.

1
K < inf I, and sup Il < .
s€t,T] SE[t,T] 1—e¢
8. Wtwmi G satisfies
. 2(1-v)
E|: SEI;—‘} ‘Ws(t,w:n)v(C,H)’ 7 :| < 0. (36)
se|t,

4. If v < 1, then there exists a constant | > 1, which may depend on (C,1I), such that
Wt(t’w’n);(c’n) > ICy for any t € [0,T] a.s.

We denote by A(t,w,n) the set of all admissible (C,11) under the initial condition (t,w,n).

For any (¢t,w,n) € [0,T] x (0,00) x R, we define the value function as

V(t,w,n) := sup U:(C, Euw(Wj(ﬂt’w’n);(C’H))). (3.7)
(C,IT)eA(t,w,n)

The corresponding HJB equation for (3.7) is

ov(t,w,n)

5 " )Slgp(o ){L‘chq)(t,w,n) + f(c,v(t,w,n))} =0, (3.8)
,¢)ERX (0,00
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with terminal condition v(T,w,n) = ku,(w), where

ou(t,w,m) 1 4 4 202v(t,w,n)
ow + iw " (Il Ow?
&?v(t, w,n)

o
+ /\(n)/R (v(t,w(l 4 10z), ) — v(t,w,n))((dx).

EH,CU(t7w777) = (w(r(n) + me<77)H) - C>

0
+ a2 gy

Let us consider the ansatz for the solution to the HJB equation (3.8) before verification. Suppose
that the solution v has the following form.

v(t,w,n) = h(t, nuy(w), (& w,n) €0,T] x (0,00) xR, (3.9)
where h is a C12([0,T) x R) N C([0,T] x R)-function. Substituting (3.9) into (3.8) yields

Oh(t,n)
ot

Oh(t,n) 1 &*h(t,n)

o + 2ﬁ2(n)7 — Sh(t,n)log (h(t,n)) =0, (3.10)

+7(nh(t,n) + a(n) o

with terminal condition h(T,7n) = k, where

7 = (1 =) ()4 e (T 0) = J0 ) (T ) + 3108 1))
oA [ (1) 7 = 1)¢(ao)

and IT*(n) is the unique solution to the following nonlinear equation with respect to II.

me() — 70 ()T + Aln) / (1+ Tz) a((dr) = 0. (3.11)
R

The uniqueness of I1*(n) follows from Assumption 3.1. Indeed, II* is a candidate for an opti-

mal portfolio. The equation (3.11) is the first-order condition for optimality in the maximization

problem in the HJB equation (3.8) under the ansatz (3.9). Meanwhile, C*(w) := dw solves the max-

imization problem in the HJB equation (3.8) under the ansatz (3.9). Thus, (C*,II*) is a candidate

for an optimal feedback control for the problem (3.7).

Remark 3.3 If |Ilz| is sufficiently small for relevant x € supp((), then the first-order approxima-
tion gives
(1+1IIz)"7 =1 —~Ilx + o(|I1x|).

Substituting the above into the first-order condition (3.11) and collecting terms yields

me(n) + A(n) M
Y(o2(n) + A(n)Ma)’

In particular, II*(n) approximately scales as 1/, with the jump term shifting the effective drift by
A(n) My and inflating the effective variance by A(n)Ma.

IT*(n) ~

M; ::/x"((dx), i=1,2.
R

We now examine the regularity of ¥ and II*.
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Lemma 3.4 7 and II* are Lipschitz continuous and continuously differentiable.

The proof of Lemma 3.4 is delegated to Section A.7. In practice, it is more convenient to

reformulate the reduced HJB equation (3.10) into an iterative scheme that repeatedly solves the
following PDE.

onn N onn(t,n) 1
S+ e ("1, 1) + al) T 4 252

d%h"(t,m)

an? + £ (RNt m) =0, (3.12)

with h"(T,n) = k for any n € N, where

?stab. (77) = ?(77) - Kstab.7 f*(h) = —P*(h) (5 10g P*(h) — Kstab.)7

and p, : R — (0,00) is a bounded smooth truncation function that coincides with the identity on
a large interval. It is used to keep the iteration uniformly bounded; details are given in Appendix
A.8. Kgap, is an arbitrary non-negative constant introduced as a numerical stabilization parameter.
Although Lemma 3.5 also holds with K, = 0, in practice we typically choose Kg,p,. sufficiently
large so that Fgiap. (1) = 7(1) — Kstap, < 0 on the computational domain, which improves numerical
stability. We set h%(t,n) = k for (¢,n) € [0,T] x R. Interpreting (3.12) as a PDE with respect to
h"™, we see that it is a linear inhomogeneous equation, which is easier to solve numerically. We are
interested in whether the sequence {h"},cn converges and, if so, whether its limit solves the HJB
equation (3.10). The next lemma shows that it does.

Lemma 3.5 The reduced HJB equation (3.10) has a unique classical solution in Cbl’Z([O,T] x R),
denoted by h. Moreover, the sequence of solutions {h™},en to the iterative PDEs (3.12) converges
uniformly to h. Furthermore, there exist two constants 0 < h < h < oo, depending only on §, k, T,
and 7, such that for any (t,n) € [0,T] x R:

h < h(t,n) < h. (3.13)

The proof of Lemma 3.5 is provided in Section A.8. From Lemma 3.5, the HIB equation (3.8)
admits a solution v(¢,w,n) expressed through the ansatz (3.9). We now present the verification
theorem for the HJB equation (3.8).

Proposition 3.6 For any (to,w,n) € [0,7] x (0,00) x R, v(tg,w,n) > V(tg,w,n) holds. Fur-
thermore, (C*(w'),IT*(n)) = (6w, 11*(7’)) for (w',n') € (0,00) x R is an admissible and optimal
feedback control in the following sense: consider the following SDE on [to,T]:

th*7(to7wﬂ7) _ Wt*7(to,w,77) (N’?ito,n)) + me(n§t07ﬂ))n*(n£to7n)) _ 5) dt

+MWWWWWMWMM%/MWWWWWWWML@w
R

with th)’(to’w’") = w. Then, the SDE (3.14) has a strong solution taking values in (0,00), and
(C* (W ltowm)y T1*(nltom)) € A(to, w,n). Moreover, it holds that

v(to, w,n) = V(to,w,n) = Uy, (C*(W*’(to’w’")%EuV(W?(tO’w’"))).

The proof of Proposition 3.6 is delegated to Section A.9.
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3.2 A numerical illustration

We provide a numerical illustration of the optimal consumption-investment problem under the unit
EIS Epstein—Zin SDU. Suppose that

a(n) =r(0 — I1:(n)), B(n) == B\/11(n), An):= AL(n),
r(n) : m(n) =7+mly(n),  on)=I+(n),

where I (n) is a Cp°(R)- function satisfying

Il

. 1 1 . 1 .
I+(77) =1, 1f77€ |:K7K:|7 IJr(n) > K—i—l, 1f7]< ?7 I+(77) §K+1ﬂ 1f77>K

% € (0,00), 8 € (0,00), B € (0,00), A € (0,00), T € (0,00), m € R, and K € (0,00) are constants.
Thus, 7 is a truncated CIR process with K chosen sufficiently large so that I (n) = n throughout
the computational region.

The jump size measure ( is specified as the size distribution of negative returns below —3o,
based on the sample mean and sample variance estimated from 50 years of weekly US market
portfolio returns since June 27, 1975. The data are obtained from Kenneth French’s website. The
threshold corresponding to a —3c0 return is -0.0660 (-6.6%, weekly). Negative returns below —3c
were observed 23 times out of 2610 weeks (0.8812%). The theoretical probability of a return below
—30 under the normal distribution is 0.1350%. Therefore, “crashes” occur more frequently in
the observed data than the normal distribution would suggest. Table 1 summarizes the jump-
size distribution, showing the conditional probability that the jump magnitude falls within each
specified bin. We model ¢ using the discrete distribution reported in Table 1. For computations,
the midpoint of each bin is used as the representative jump size. The resulting conditional mean
jump size is -9.3152%. Note that time is measured in years. Weekly observations were utilized for
the estimation of the empirical distribution of jump size, where the frequency was annualized.

Table 1: Jump Size Distribution

Bin (%) Probability Counts Midpoints of Jump Size (%)
[—7.50, —6.60) 0.4348 10 —7.05
[—10.00, —7.50) 0.3043 7 —8.75
[-12.50, —10.00)  0.0870 2 ~11.25
[—15.00, —12.50) 0.1304 3 —13.75
[—17.50,—15.00) 0.0000 0 —16.25
[—20.00, —17.50) 0.0435 1 —18.75

The parameter ) is set as follows. If the process is not truncated, the steady-state jump intensity
is E[A(1;)] = AE[n;]. In addition, the steady-state mean of n; is 0 if 2k6 > BQ. We therefore match
E[A(1n:)] = M to the observed annual frequency 0.46 (23 events over 50 years in the data). Thus,
A = 0.46/0. Since the threshold constant K is chosen large so that I (n) = 1 on the computational
domain, this calibration is well approximated.

19



Under this specification, the first-order condition for the portfolio (3.11) becomes

L (n) <m — AT +)\/R(1 + H*x)—mg(dx)> =0, neRr

Hence, the optimal portfolio IT* is a constant. The other parameters are set as follows.

7 = 0.0453, m = 2.9864, R =5, 9 = 0.0270, S =0.25,
A =0.46/0 ~ 17.01317, T = 10, k=1, v =5, 5 =0.05.

The interest rate 7 is set to the sample annualized mean of the weekly risk-free rate over the
same 50-year period (50 years since June 27, 1975). The coefficient of risk premium m and the
steady-state volatility level @ are calibrated to match the sample annualized mean and variance
of market portfolio returns, using the same dataset employed for estimating the jump measure.
For the parameters % and 3, we adopt the values from Kraft et al. (2017). Although their model
specification differs from ours, we use these values as a baseline case for our numerical illustration,
because our main interest is in the theoretical properties of the model.

To obtain the solution to the reduced HJB equation (3.10), we solve the iterative PDEs (3.12)
by the Crank—Nicolson method. For numerical parameters, the number of time grids is 100, the
number of 1 grids is 150, and the maximum and minimum values of 1 grids are 1.5 and 0.01,
respectively. h™ are linearly extrapolated in 1 at the boundaries.

h(0,n) fory=5.0

120 A

115 A

h(0, n)

110 A

0.2 0.4 0.6 0.8 1.0 1.2 1.4
n

Figure 1: Plot of the PDE solution h(0,7) for v = 5.0.

Figure 1 displays the solution h(0,7). The optimal portfolio with jumps is IT* = 0.2381, while
the optimal portfolio without jumps (i.e., A(n) = 0) is m/y = 0.5973. This finding indicates that
incorporating the risk of large negative shocks reduces the optimal allocation to the risky asset by
approximately 36 percentage points.
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Figure 2: Convergence of the PDE solutions A" for v = 5.0.

Figure 2 illustrates the convergence process of the solutions to the iterative PDEs (3.12). In
the case where v > 1, § € (0,1), and r(n) > 0, Tstap.(n) is always negative if we choose Kyap, =
(I1—~)d(logd—1) > 0, and we adopt this specification. The left panel of Figure 2 shows h™(0,7) at
each iteration step n. The left panel suggests that the sequence {h"},cn converges monotonically
to h. The right panel displays the convergence of the relative difference between iterations, defined

” i)

lo max
g10 ( (t)

In this numerical example, the relative difference decreases to below 10~1* after the 37th iteration
and then plateaus, indicating convergence up to a numerical noise floor. This result is consistent
with Lemma 3.5.

Figure 3 illustrates the welfare cost of ignoring jump risk, measured by the certainty equivalent
ratio (CE ratio). To define the CE ratio, we compare two scenarios. In the first, the agent follows
the optimal strategy and obtains the value function v(t,w,n) = h(t,n)uy(w). In the second,
the agent uses the no-jump portfolio, II" := /v, in the presence of jumps. The consumption
function remains the same: C™(w) = C*(w) = dw. This suboptimal strategy yields the utility
v (t,w,m) = h¥(¢,n)uy (w), where A solves the corresponding PDE.

The CE ratio is the wealth multiplier x(¢,n7) that makes the agent indifferent between the
suboptimal strategy with initial wealth x(¢,n7)w and the optimal strategy with initial wealth w,

ie., v™(t, x(t,n)w,n) = v(t,w,n). This ratio at t = 0 is

x(0,1) = (;%)11”,

Figure 3 plots this ratio. For v = 5, the implied additional initial wealth requirement x(0,7) — 1

21



CE Ratioatt=0

1404 —.- y=10
— y=5

1.35 - y=3

1.30

1.25

CE Ratio x(0, n)
= -
= N
w o

1.10 A

1.05 A

(O TR T E R T LT T P PP

Figure 3: Certainty Equivalent Ratio at ¢t = 0.

ranges from 8.7% to 22.0%. Thus, ignoring jump risk would require x(0,7n) times as much initial
wealth to match the utility delivered by the optimal strategy. As shown in Figure 3, x(0,7)
decreases in v, so the welfare loss is especially severe when ~ is low. Remark 3.3 suggests that, in
the approximation, the optimal portfolio IT* also scales approximately as 1/v. Thus, the absolute
wedge IT* — ITV is of order 1/7, so the welfare loss (and hence x — 1) can be large when + is small.

4 Concluding Remarks

In this paper, we examine the existence, uniqueness, and comparison of the unit EIS Epstein—Zin
SDU in a Brownian-jump setting. We also consider an optimal consumption-investment problem
under the unit EIS Epstein—Zin SDU for applications. In particular, our existence result is formu-
lated on a consumption class that strictly enlarges the admissible class considered in Schroder and
Skiadas (1999), whereas our comparison-based uniqueness is established on a different admissibility
class tailored to the comparison principle. In this sense, our contribution for uniqueness is com-
plementary to Schroder and Skiadas (1999). Applied asset pricing and macro-finance studies often
assume milder conditions than Schroder and Skiadas (1999), so this study contributes to devel-
oping mathematical foundations for these applied settings. One possible extension is to relax the
integrability conditions used for the uniqueness and comparison theorems. Indeed, the conditions
for the comparison theorem are more restrictive than those for existence. Therefore, it is expected
that these integrability conditions can be further relaxed. We leave a detailed examination of this
direction for future studies.
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A  Omitted Proofs

In this section, we present proofs omitted in the main text. We introduce the following classes of
stochastic processes and random fields for notational simplicity. Let S? be the set of real-valued,
right-continuous, and progressively measurable processes on [0, 7] such that Y € S? satisfies

Y]s2 := IE[ sup \Yt\?] < 0.
te(0,7)

Let S* be the set of real-valued, right-continuous, and progressively measurable processes on [0, T']
such that Y € S* satisfies

|[Y]lse := esssup |Yi(w)| < 0.
(t.w)€[0,T]xQ

Let H? be the set of R-valued and progressively measurable processes on [0, 7] such that Z € H?

satisfies
T
1 Z |2 := E[/ ||Zt||2dt] < 0.
0

Let J? be the set of real-valued and predictable random fields on [0, 7] x J such that ¢ € J? satisfies

1]l = \/EUOT/Jth(x)\%(x)((dx)dt} < oo,

Let J*° be the set of real-valued and predictable random fields on [0,7] x J such that ¢ € J®
satisfies

|5 = ess sup [t (w, )| < oo.
(t,w,z)€[0,T1x QX J

Let L be the set of real-valued measurable functions on (J, 7).
For convenience, we define a function from R to R such that

Ja(x) = -, z € R,

where « is a non-zero constant. The behavior of j, depends on the value of the parameter a. If
a > 0, then j, is convex and j,(x) > jo(0) = 0 for any x € R. If a < 0, then j, is concave and
Ja(x) < ja(0) =0 for any x € R.

We also introduce the behavior of the unit EIS Epstein—Zin aggregator f. Seiferling and
Seifried (2016) show that the general Epstein—Zin aggregator with RRA ~ and EIS ¢, denoted
by f9E%(c,v;7,s), satisfies the following properties. If v¢ > 1, then f9%%(c,v;7,5) is convex in v
and concave in c¢. If y¢ < 1, then f9%%(c,v;7,¢) is jointly concave in ¢ and v. Furthermore, it
satisfies
> 6(uy(c) —v), if ¢ >1,

EZ .
I (c’v’%g){éé(u%c)—v), ifye <1

Since f9%(c,v;7,¢) = f(c,v) as ¢ — 1, we obtain the following results as an immediate corollary
of Seiferling and Seifried (2016). In the case of v > 1, f(c,v) is convex in v and concave in ¢, and

fle,v) > 6(uy(c) —v) for any (c,v) € (0,00) x (—00,0). In the case of v < 1, f(c,v) is jointly
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concave in ¢ and v, and f(c,v) < §(u,(c) — v) for any (c,v) € (0,00) x (0,00). These properties
play a crucial role in proving the existence and comparison theorem for the unit EIS Epstein—Zin
SDU.

A.1 Proof of Proposition 2.4

Proof. We only show the case of v > 1, and the case of v < 1 can be proved similarly. We first
assume bounded C and ¢ (i.e., (C,€) € C%), and then consider a general case. To show existence,
four steps are necessary.

1. Lipschitz approximations and global boundaries. First suppose (C, &) € CE. For any n € N,
let p, : R — [0,1] be a continuously differentiable function such that p,(z) = 1 if |z| < n and
pn(z) = 01if |z| > n+ 1. Further suppose that p,(z) < pp41(x) holds for any z € R and n € N and
that the absolute value of its derivative, |p} (x)], is bounded uniformly in 2 € R and n € N. For
any n € N, consider a BSDE with respect to (Y™, Z",¢™) on [0,T] such that

yr=¢Y + /T (6(log Cs — YJ) + hn(s, Z7,9%))ds — /T(Z" TdB, — / / Y2 (x)p(ds, dz),
mﬁ%+[j£xamnxmqu (2.6) R x L, (A1)

hTL(S7 Z, ¢) =
where ¢V := log(u;l(g)) and ji_, is defined as

Sl 4 fi @ —n),  @>m,
It (z) = j1—~(2), z € [-n,n],
J1—~(—n) +j{_w(—n)(1: +n), z<-n.

By the definitions of p, and j7_ and the finite activity of v = A(, hn(s, 2, ¢) is Lipschitz in (2, ¢)
in the sense that there exists a non-negative constant K, such that

[ha(s, 2,0) = ha(s, %, 6)| < Ky |ZZ||+\// [ z) [P As ()¢ (dl‘)>,

for any (z, ¢), (2, 5) € RY x L and s € [0,7]. Moreover, £¥ and (log Ct)iejo,r) are bounded since
(C,€) € CB. Therefore, the Lipschitz BSDE (A.1) has a unique solution (Y™, Z",¢") € S? x H? x J?
(for example, see Theorem 3.1.1 in Delong (2013)). The Lipschitz property of the generator allows
us to derive a standard a priori estimate for Y™. Applying the generalized Ito formula to e®|Y;*|?
for an appropriate constant ¢ and taking conditional expectations leads to

T
n =Y
Y72 < KnlEt[|§Y|2+/ 1ogcsy2ds] < Kn(lf 2+ ||logCH§ooT) < 0,
t

. . =Y . . ..
for any t € [0,T], where K,, is a constant depending on n, and £ is a finite positive constant

satisfying |¢Y| < EY a.s. This implies Y™ € §°°. However, this boundary depends on n, so we
examine global bounds of Y for all n € N. We first examine an upper global bound. Consider a
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BSDE for (Y'°8, Z1°8 4l°¢) on [0, T] such that
1 T
Y08 = ¢¥ +/ 5(log Cy — Y28)ds —/ (z°8)TdB, — / /wg fi(ds, dx).
t t
This BSDE is Lipschitz, so it has a unique solution in §? x H? x J? such that
T
Yt10g =E; [/ 570067 log Cyds + e_é(T_t)fy} )
¢

Thus, [[Y98||gee < 0o. Let AlBY, := Y% —yn Alsz, .— 7z _ zn and Alosy, .= ¢l8 — g,
Then, we have

Aley; = / — JARY, — h,(s, Zg,wg))ds — / (Aez)TdB, — / / A8 (2)fi(ds, dz)
t
Since v > 1 implies 1 — < 0 and ji_, <0, we have h;, < 0. Accordingly,
T
aosy = [ [0, 5,22 )0 2 0
t

for any ¢ € [0,T]. Therefore, Y;* < Y;log < ||Y'°8||s < oo holds for any ¢ € [0,7] a.s.
We here examine a lower global bound. Let Uj* := u(exp{Y;"}). Note that U < 0 holds for
~v > 1 by definition. Then, the generalized Ito formula yields

=€+/T (f(Cs,U")+e( Y (b (s, Z2, ) — (s,zg,wg)))ds

_/t(Z"UTdB //w"U fi(ds, dz),
-

W(s,2,) = + /J 1 (6@)As(@)C(dz),  (5,6) ERIx L,
(I=y)Y™
nU . (A=Y gn nU( . € (A=)
ZnU = (A=Y g U () . — <el ¥ 1),

for any t € [0,T]. Since AY;" = [, ¢p(x)u({t},dz) and Y" is bounded, we have [ =
|AY " ||se < 2||Y"||so P® v-a.e. Accordingly, it holds that || Z™Y ||z + ||V ||;2 < co. Meanwhile,
consider another BSDE for (UCRRA ZORRA 1),CRRAY o1 [0, T such that

T
UtCRRA — € +/ 5(“7(08) . USCRRA)C].S _/ (ZCRRA TdB / /wCRRA dS dl’)
¢ ¢
This BSDE is Lipschitz, so it has a unique solution in S? x H? x J? such that
CRRA _ [/ 5e=36=Dy (Cy)ds + e 0T~ t)é-]
Thus, |[URRA||g < oo, Let ACRRAY, .— UCRRA _ pn ACRRAZ ._ 7CRRA _ 70U ang
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ACRRAy, . yORRA _ U - Then we have
T

ACRRAT, =/ [5(%(08) - USRRA) — f(Cy, Uy — eIY ( n(s, 20,97 — (s,zg,wg))]ds
t

T T
- / (ACMRAZ)TdB, — / / ARG (2)7i(ds, da).
t t J

Note that 6(uy(c) —v)— f(c,v) < 0 for any ¢ € (0,00) and v < 0, and that h, (s, z,¢) —h(s, z,¢) > 0
for any (s, z,¢) € [0,T] x R? x L because 5} ., 2 ji1—~. Hence, we have

T T T
ACRRAL, < _§ / ACRRAT 45 — / (ACRRAZNTAB, — /t /J ACRRAY, (2)i(ds, dx).
t

t

Therefore, applying the integral-by-parts formula and taking the conditional expectation yields
ACRRALL < 0 for any t € [0,T] a.s. Thus,

Yy" = logou;, LU > log ougl(UtCRRA) > log ou;l(—HUCRRAHSoo) > —00
holds for any ¢ € [0, 7] a.s. In summary, we obtain the global bound of Y": it holds that
—o00 < log ous ! (— [ URRA gne) < log ous H(UFRRA) < ¥ < 1718 < Y18 Jgeo < o0, (A.2)

for any t € [0,7] and n € N. To obtain the global bounds of Z™ and ™, we check the following
inequality.

— 0| log Ct| — dly| —

- / Jyoa(— (@) A ()¢ (d2)
< 5(log Cy - )+h (t,2,6) < 6| log Col + 8ly| + L= |2 + / Jror (@@ M(@)C(dz),  (A3)

for all (¢,y,2,¢) € [0,T] x R x RY x L a.s. We use the identity ji_-(¢) = —j,—1(—¢) to obtain the
bounds in (A.3). Therefore, Lemma 3.1 in Fujii and Takahashi (2018) implies

[/ 1zl dt+/ /ywt )P\ (z (dx)dt]

32 =DIY " [lse0 .
B (14260 = DTV s + g ).

The right-hand side of the above inequality is bounded uniformly in n, so (Z",™) is uniformly
bounded in H? x J2.
2. Monotone convergence of Y and existence of Y. Let

gn(t,y, 2, 0) := d(log Cr — y) + hp(t, 2, 0), (t,y,2,¢) €[0,T] x R x R x L.

Jn is the Lipschitz generator of the BSDE (A.ll. Furthermore, the inequality (A;’)) holds, and the
so-called Ar condition also holds: for any ¢,¢ € L and t € [0,T], if |¢p(x)| V |¢(x)] < K holds
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v({t},-)-a.e. for a constant K > 0, then
n(t,9:2,6) = galt,y,2,9) < /Jff’a(x)(cf)(x) — $(x)) M(2)¢(dx), (A.4)

for any (y,z) € R ><~Rd and n € N, where 1'% is a random field depending only on (¢, ) and
satisfying C}, < I (x) < C% for all (t,z) € [0,7] x J in which C} > —1 and C% > 0 are
constants depending on K. The Ap-condition (A.4) is a key property to apply the comparison
theorem for BSDEs with jumps. Morlais (2010) shows that the Ap-condition (A.4) holds in a
setting similar to this paper. To observe (A.4), we have

- Ldyt
gn<t7y7za¢) _gn(t7y’z’¢) :/J</O ]1(;:1/}(“])

where we have used the fundamental theorem of calculus. Then, for any |w| < K, we have

)dk) (6(x) — &) Me()C (),

w=ke(z)+(1-k)p(x

djr—, (w) < ((-DK

1<K 1< 3 < -1 < 0.
w
Hence, let
~ 1 dqr w
% (2) = / i) 1&”’( )  dk,
0 W w=ke(@)+(1-k)d(x)
and then el=ME 1 < F?,qs,% < eO=DE _ 1 holds v({t},-)-a.c. for any (t,$,¢) € [0,T] x L x L

with |p(x)|V |(J~5(l’)| < K, v({t},)-a.e. Moreover, by the definition of‘]l_w It (o(x)) :7 J1—~(o(x))

holds for any ¢ € L and n € N with [¢| < n. Accordingly, I ’(M’ ;n,qﬁ,(i) holds v({t}, -)-a.e. for
any (t,6,¢) € [0,T] x L x L and n,m € N with n < m and \qﬁ( )|V |p(z)] < n, v({t},)-a.e. Thus,
the Ap condition (A.4) holds, in particular, uniformly in sufficiently large n € N. Furthermore,
by the nonincreasing property of p, and ji', in n, hpt1(t,y,2,6) < ha(t,y, z,¢) holds for any
(t,y,2,0) € [0,T] x R x R* x L. and n € N a.s. This implies that g,y1(t,y, 2, ¢) < gn(t,y, 2, )
also holds a.s. Thus, the comparison theorem for Lipschitz BSDEs (see Theorem 3.2.2 in Delong
(2013)) implies Y;"™! < V;* for any t € [0,T] and n € N.

By Step 1, {Y"},en is uniformly bounded in S*°. Moreover, {g, } satisfies the uniform quadratic—
exponential growth bound (A.3), the uniform Ar condition for sufficiently large n?, and g, | ¢
pointwise as n — co. Hence, Proposition 4.1 in Fujii and Takahashi (2018) yields the existence of a
solution (Y, Z,9) € S®° x H? x J? to (2.6), and (Y™, Z",4™) — (Y, Z, 1) in S*® x H2 x J? as n — oc.
Note that [|[¢||gec < 2[|Y||se holds, so ¢ € J*.

3. Representation as the utility. Let Uy := u,(exp{Y;}) for t € [0,T]. Applying the generalized
Ito formula to U yields

T T T
U =&+ / f(Cs,Ug)ds — / e(l_V)YSZSTdBS _ / / uw(exp{lfs,})(e(l—”%@) — 1) fi(ds, dz),
t t t J

2The Ar-condition in Fujii and Takahashi (2018) is stated for general jump measures (possibly of infinite activity),
where the factor 1 A |z| is used to control small jumps. In our finite-activity setting, v(d¢,dz) = A\¢(z){(dz)dt has
finite mass on [0, x J. Hence, small-jump damping 1 A || in Fujii and Takahashi (2018) is not needed. It suffices

that for bounded ¢ and qb, the field I™%? constructed above is predictable, bounded and T’} 6.6 > —1 v-a.e.
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for t € [0, T]. Since (Y, Z, 1) is in S® xH2x J*, it follows that e(!="Y Z € H? and u., (exp{Y._}) (e =¥ —
1)) € J2. Therefore, the stochastic integrals are square-integrable martingales. Taking the condi-
tional expectation, we have

T
U = E; [§+/ f(Cs,Us)dS] .
t

Furthermore, by (A.2), U is bounded, and hence it is uniformly integrable. Moreover, (1 —~)U; =
exp{(1 —7)Y:} > 0 holds a.s. for all ¢t € [0, 7. Thus, U is a unit EIS Epstein-Zin SDU of (C, ).
4. Unbounded (C,€). Finally, we consider an unbounded (C,¢). Fix (C,¢§) € C};],T arbitrarily.
For any m,n € N, let (C"™",£™"™) be a cut-off version of (C, ) such that
CP™ = (Cov 1 fm) Am, € =y (w3 1(6) v (1/m) An),
for t € [0, T]. Then, (C™",£™") is bounded and in CB. From the arguments in Steps 1 to 3, there
exists a unit EIS Epstein-Zin SDU of (C™" £™"™) such that

T
R
t

We next study a dominating stochastic process for the sequence {f(C™" , U™")},,.n, which will

allow us to pass to the limits n — oo and m — oo in the conditional expectation representation.
Note that U"™" satisfies the global bound such that

0 1 -1 1~

‘Utm,n’ < ‘UtCRRA(Cm,n’ gm,n)} < Et

By the definition of f, we have

omn e I
(G 0 = 0=ty (=) U170 G e e e

for t € [0,T]. Since U/™" /u, (C;"") < UFRRA(Cmn ¢min) [y (C;™™) holds for any ¢ € [0,T], we
examine the global bound of UFRRA(Cmn ¢min) fy (C7™™). Let

UCRRA(cm,n gm,n) T omn 1—~ (1 _ ,y)gm,n
pmn . Ut - & / 565@@( inn) ds + e dT-nU 7 7
! uy(C;) "1 Cy (G )

for t € [0,7]. Note that since C' € CET, from (2.9), there exists a non-negative and progressively
measurable process K(©4) such that

T
E, [ / Je 0 1ds 4+ e 0T (1 — 7)5] < K¢}
t

for any t € [0, 7] a.s. We shall show that D;" is dominated by Kt(c’f) +1, dt x dP-a.e., uniformly in
m and n. Let Q* € F be an almost-sure set in which the above inequality is satisfied for any rational
number ¢ € [0,7]. Then, P(Q*) = 1. Fix a rational number ¢ € [0,7] and w € Q* arbitrarily. We
shall consider three cases. (1) The case Cy(w) < 1/m: Then, (C;""(w))'=7 = m~(1=7). Meanwhile,
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(&)= <m= () and (1 —5)¢m™ < m~(177). Hence,
1 T
D) < — By | [ e 000N 4 o0 T 1= | () = 1.
m_(l_’Y) t

(2) The case 1/m < C¢(w) < n: Then, (C;""(w))1™7 = (Ci(w))™ > n!™7. For any s € (t,T], we
have
(Cmm)I=7 = (C;*'Y A m*(1*7)> valmr <clrvnlmr <ol

(1= = (1 =7 Am= D) Va7 < (1 —9)E 40’

Hence,

T
t t

T
= WEt [/ 0200 ds e TO(1 — 7)5} (w)
t t

T
+ (C’”L’”(l))lnyt |:/ 6675(5715)”177(18 + eﬁ(Tt)nl'y:| ((,U)
t W t
C, _ _ C, _ _
_ K9 w)(Culw))' Lo K9 (W) (Cw)=7 K9 1
STOTW) T @@ S (Gt et '

(3) The case Ci(w) > n: Then, (Cy(w))™7 < n!™7 = (C/""(w))1™7, and hence,

Kt(c’g) (w)n!=7 +nl=7
nl=v

D) < K@) (Culw)) 7 4+l
t

(C8)
=K + 1.

<

In summary, for any rational number ¢ € [0,7] and w € Q*, we have D;""(w) < Kt(c’g) (w) + 1.
Since D™" and K(“4) are cadlag, we have

P < KO0 4, (A.5)

for any ¢ € [0,T] a.s. for any m,n € N. Since the function z — xlog z has a minimum value —e~*,

together with the bounds (A.5) and U;™" > UFRRA(C™Mn ¢mn) e have for any m,n € N and
te[0,T7,

e 0uy(Cy A L) < FIOI™, U™ < —buny (Cy A (KT + 1) log (K7 + 1),

a.s. From (2.10), we can see that f(Cg"",Ug"") is uniformly integrable d¢t @ dP on [0,7] x €.
Furthermore, the comparison theorem for the Lipschitz approximating BSDEs implies that for any
m,n € N, U"H" < g™ < U™t holds for all ¢ € [0,7] a.s. Hence, there exists a stochastic
process U™ such that

U = lim U™" = sup U;™",
n—oo neN
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for t € [0, T]. This results in

T T
UM = lim U™" = lim E; [£™" + fomn gmmyds| =Ky €7 + fem umds|,
t t s s s s

n—oo

for any ¢t € [0,T] and m € N, where C{" = C; V (1/m) and €™ = u,(u;'(§) V (1/m)). Since

U+ fg f(CM UM™)ds is a martingale and [ satisfies the usual conditions, there exists a cadlag
version of U™. Similarly, there exists a stochastic process U such that

Ui = lim U™ = inf U/",
m—0o0 meN

for t € [0, 7], and hence,
T T
U= Jim 07 = tin &+ [ e o] =B s [ e,

for any ¢ € [0,7T] a.s. From the same argument as above, there exists a cadlag version of U. From
the global bounds of U™", it can be seen that U satisfies the inequality (2.12). Thus, U is uniformly
integrable. Hence, U is a unit EIS Epstein—Zin SDU of (C,¢). O

A.2 Proof of Proposition 2.5

Proof. In the proof, we consider the case v > 1. The case v < 1 can be proved similarly. Let

_0f(CLU™) _ Ut
Q= 5 = —0|1+log w(@ )] te0,T].

By the assumption in this proposition, there exists a constant K > 0 such that ay < —0(1+log K)
holds for any ¢ € [0,T] a.s. Let AU; := U™ — U™ and

t
T :=—(AUt+ / (f(GS,U:“%—f(CS,Usuw)ds—AUo), te 0],
0

Then, by the assumption, M*"P is a local supermartingale on [0, T]. Accordingly, M*"P admits the
canonical decomposition such that

M = M°® — Ay, t € 0,77,

where M!°¢ is a local martingale and A is a predictable increasing process with M(l)oc' = Ay = 0.
For any t € [0,7] and stopping time 7 on [t,T], from the integration-by-parts formula, we have

efot asdsAUt = efoT astAUT + / Gf(f oy ds’ (f(CSa UEUb) - f(CS7 Ussup) - QSAUS> ds
t

T T
s / s /
+/ efo oy ds dM;OC' _ / efo agds dA,.
t t
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Furthermore, since f(c,v) is convex in v when v > 1, it holds that
f(Cs, US™) — f(Cs, US™P) — AU <0, s €[0,T7.

Therefore, we have
A[]t < Et [ f aédSAU‘Fn )

for any n € N, where {7, },en is a sequence of localizing stopping times such that
To = inf{s >t : |[M2°% — MP°%| > n} AT.
Here, by the assumption, we have
eftT” OCSds’AUTn‘ <e (1+logK)(Tn—t)(‘Usub‘ + ‘Usup‘) (1 \ e~ 0(1+log K)T )(’U%L;b’ + ’U::p ),

and {|US™| + U |}nen is uniformly integrable. Furthermore, 7, — T a.s. as n — oco. Hence,
taking the limit as n — oo, the dominated convergence theorem yields

AU, < lim B, {eff" astAUTn} ~ E, [eftTastAUT] < 0.

The last inequality is due to the assumption Us'"® < U7'P a.s. Hence, we have obtained the desired
result. O

A.3 Proof of Proposition 2.7

Proof. The homotheticity and monotonicity are immediate from Proposition 2.5. The concavity
for v < 1 is also immediate since f(c,v) is jointly concave in (c,v) € (0,00) x (0,00) when v < 1.
Thus, we shall prove concavity for v > 1. The following proof is inspired by Proposition 2.4 in
Xing (2017).

First consider a bounded case. Fix (C’ §) (C,) € C® and a constant p € [0,1], arbitrarily.
Then, (pC~' +(1- p)a,uv(pu;l(g) +(1— Z )) € CB holds. Let

o~

= lOg OU (Ut(a>§))7

for t € [0,T]. By construction, there exist (Z, 1), (Z,¢) € H2 x J2 such that ¥ and Y satisfy

=0

ﬁ = log Ou;l (Ut(éa g))a

. T o T . T .

n=§Y+/ g(s,cs,Ys,Zs,ws)ds—/ Zla.~ [ [ d@as.an)
t t

N T PR T

Yt:?/+/ g(s,Cs,Ys,Zs,ws)ds—/ ZldB, — / /ws fi(ds, dz),
t t

for t € [0,T], where £ = log ou’l(N and £ = logou  1(€). Let AY; = pY;+(1 —p)Y;. Similarly,

C,0), (Z,2), (b, 0), and (€¥,€) by A,C, ApZ, Ay, and

we denote convex combinations of (
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Apfy, respectively. Then, we have
T
AyY; = AP‘EY —|—/ (g(s,ApCs,Ast,Asz’prs) + Agp))ds
t

T T
_/ ApZ;rst _/ prs(a:)ﬁ(ds,da:),
t t Rk
where
Az(fp) = pg(tv 6157 }Za Zta Jt) + (1 - p)g(t7 ata ﬁa Z\tv zZlﬁ) - g(ta ApCh ApY;fa ApZt> Ap'wt)-

Since g(t, ¢, y, z, ¢) is concave in (c,y, z, @), Agp) < 0 holds for any t € [0,7T] a.s. Let

A 1
U" = uy(exp{ApyY;}) = 1=~ exp {(1 - ’y)Ath}.
Then, AY = pY + (1 —p)}A’ is bounded since (6’, E), (6,5) € CB. Therefore, U%r is also bounded,
that is, uniformly integrable. From the generalized Ito formula, we have

T
Upr =gt +/ (f(ApOs, US?) + (1 - v)UsA"Agp))ds — (MP* — M),
t

for any t € [0,7], where M™% is a local martingale and 27 = u.(exp{A,£¢Y}). By the uniform

integrability of U%? and the non-positivity of Agp ) < 0, similarly to the proof of Proposition 2.4,

we have

T
Ut <E, [s% + [ rwe, USP)ds] ,
t

—

herefore, UtA 4 fg F(ALCS, UsA ?)ds is a local submartingale. Furthermore,
) are bounded, there exist two constants K and K such that

for any ¢t € [0,T].
since (C, €) and (6,

)

I

o~ ~ i T ~ ~ T
Ui(C,¢) < ! -, %P {Et / o= og (Cy) ' Vds + e log((1 — 7)¢) }
- L/t _
< 6(1—7)1?1”(507
~ 1 r T ~ 1 ]
U(C,¢) < T exp {Et / Se0(s—1) log (C’S)l Tds 4+ e 0Tt log((1 —~)¢&) }
- L/t _

~

< 6(1_7)1?“7(015)7

for any ¢ € [0,T]. These imply

~ o~ ~

Y, = logou;1 (Ut(C’,f)) <K+ logat, ?t = log ou,;l(Ut(a,f)) < K+ log @.
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Hence,

U 1 ,Yexp{(l—’y)(pﬁﬂl—p)ﬁ)}

< o o0 {(1=7)[p(K +10g0)) + (1 = p)(K +10C1)] |

(1-7)(pK+(1-p)K) ~
e ~
= T eXp{(l—7)[plog0t+(1—p)10g0t”
(1-7) (K +(1-p)K)
e
< T exp {(1 — ) log ApCt} = -NEE+(1-pK )UW(A Ct).

In summary, (1) U2# is uniformly integrable, (2) UtA”—FfOt F(ALCS, USAp)ds is a local submartingale,
and (3) UtA” < eI=NPE+A=P)K)y_(A,Cy) holds for any t € [0,T] a.s.
Let £0) = u,y(pu;l(g) +(1 —p)u;l(f)) and U®) = U(APC’,g(p)). Then,

T
U _ g, [§<p>+ / f(ApCstSgp))ds],
t

for any t € [0,7]. Thus, Ut(p) + fotf(ApCS,Us(p))ds is a local martingale. Furthermore, U®) is
bounded, and hence uniformly integrable. Moreover, since exp{z} is convex and u-(z) is increasing,

we have £€P) > ¢80 as. Hence, Proposition 2.5 implies Ut(p ) > UltA ? for any t € [0,7]. Finally, we
have

-1 1 - exp {plog <(1 — U(C, N)) + (1 — p)log <(1 —)U(C, ))}

exp{ ( NEULC,8) + (1 - pUi(C,8)) }
—pUt(C §) + (1-p)Ui(C,9),

Ui(pC + (1 =p)C,uy (pu (&) + (1 = p)us (©) ) = U
> Uﬁ”

where the last inequality is due to the decreasing property of x — e*/(1 — ) and the concavity of
x — logz. Thus, in the bounded case, the desired inequality is obtained.

In the unbounded case, fix (C, &), (C,£) € CE and p € [0, 1], arbitrarily. For any positive integers
m,n, let

CM" = (Cy v 1/m)An, O™ = (CyV1/m)An, ATNC,:=pC™" + (1—p)CP™" te[0,T],
g = Uv(( 1©) vV 1/m) A ), g = u7<(u;1(§)\/1/m)/\n),

P =y (pus  (€7) + (1= phuy (€7)).

Then, from the same argument as in the bounded case, we have

Ur(AT O, €®Imny > pU, (O™ €™M + (1 — p)Uy(C™", g™, (A.6)

33



for all t € [0,T]. By definition, we have

(L= = (puy (€™ + (1=p)u  (E™™) 7 < p(1=7)E™" + (1= p) (1 =7)€™" < m~ (7,

(A7)
and
~ 1=y
(1 —y)g®hmn = <p((u71(§) v 1/m) An) + (1= p)((u5(€) v 1/m) A n))
< (ps @ An) + (1 - p) (s @ Am))
= (3 @ A (m) + (1 - s Ay ()
< p<u;1(§A uv(n)))l_v +(1-p) <u§1(5A UW(n))>1_W
=p((1=1& v )+ 1 =p)(((1-1E) va'™)
< (1=7)(pE+ (1 —p)) +n' 7. (A.8)

From the inequalities (A.7) and (A.8) and the assumption that (A,C, p€ + (1 — p)E) satisfies (2.9),
we can apply the same argument as in Step 4 of the proof of Proposition 2.4. Thus, taking the
limit of (A.6) as m — oo and n — oo, we obtain the desired result. O

A.4 Proof of Proposition 2.9

Proof. Fix C' € Cp, and 0 > 0, arbitrarily. Suppose that C' is bounded above and away from
zero. Let fyp(c,v) be a unit EIS Epstein—Zin generator with RRA 1 4 1/0. The inequality
u1+1/9(exp{Yr°b"9(C)}) > UBZ1+1/0(C) is relatively easy to show. Meanwhile, the opposite in-
equality u1+1/9(exp{Yr°b"9(C)}) < UFZIH1/0(C) is more involved.

1. The easy inequality. Fix (Z ,1;) € M®, arbitrarily. Consider a BSDE with respect to
(Y Z9)(C), Z,) on (Q, F, Q%)) such that

_ T 5 = 5 =
Y Z9(C) = log Cr + / {5( log Cs — YS(ZW(C)) +0Rs(Zs, %/)s)} ds
t
T _ =~ T . z 7
- [ 21?0 - [ [ G @i? s, da),
t t J

We can see that this Lipschitz BSDE has a solution in~S2 x H? x J? under E@fﬁ %), Since C is
bounded and (Z,1)) € M, we can easily see that Y@ (C) € S° under Q(Z’f). It can be also
seen that |9y < 2||Y(Z’¢)(C)||gm < 00, 50 1 € J* under QZ¥). Since Q) is equivalent to
P, we have (Y(Z’“Z)(C)JZ) € S™ x J*° and fOT |1Zs||?ds < oo a.s. under P. Furthermore, it can be
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transformed to the representation on (€2, F,P) as follows:

~ ~ T ~ ~ ~ ~
Y 70(0) = log Cr +/ {8(to s - Ys(Z’“’)<C>> + BolZos s, 2oy 0s) s
t

_ /t " sTap, - / / Bu(2)ii(ds, da), (A.9)

/% Y () ()¢ ()

n
=2+ 21 2 / ra (@), D)) s (2)C(d2),

where

Ry(Zg, s, Zg,hs) := OR(Zs,1bs) +

r3(y,z) == 9(( +y)log(1l +y) — ) + xy.

Since y — r3(y,x) is convex on (—1,00), by the Fenchel-Young inequality, we have r3(y,z) >

J-1/9(x), for any z € R and y > —1, where the equality holds when y = e~*/% — 1. Similarly,
we have 2” ZI2+ 277 > _12/9“2H2, for any Z,Z € R? where the equality holds when z = —Zz/0.

Accordingly, we have
SO SR 10~ A
Rs(Zsﬂ/)s; Zs, Q;ZJS) > Es(ZSa ws) = THZSH + J.]—l/@ (%(@)%(@C(d@
Let Ut(Z’w)’e(C’) = U1+1/9(6XP{Y;(Z#})(C)}). Then, from the generalized Ito formula, we have

UZ(C) = uyys0(Cr)

T _ 5
+ [ (B 0000y 4 O (R 2T 2 B) - B2 ) Jas
t

- " PP Tan, - / ' [ watespy 2O (50— 1) ).
t t
Note that (Y(Z“Z)(C), 12) € S®°x J* and fOT 1 Zs||2ds < oo a.s. under P. It follows that Ut(FZvﬂZ)’e(C)+
fg fo(Cs, U, 5@ o), 9(C’))ds is a local supermartingale under P. Meanwhile, by definition, we can see
that UEZ 1+1/9 (C) + fg fo(Cs, USEZ’IH/Q(C))ds is a local martingale under P with UEZ 1+1/9(0) =
U(Z 0)0 (C) = u141/9(Cr). Moreover, there exists a constant K > 0 such that UEZ 1H/Q(C') <
Kuy41/6(Cy) holds for any ¢ € [0, 7] since C' is bounded. Therefore, from Proposition 2.5, U, BZ1+1/ G(C) <
Ut(Z )0 (C) holds for any ¢ € [0, 7] a.s. on the original probability space (€2, F,P). Thus, we have
ur 1 p(exp{Y7"?(C)}) = U HYP(C) for any t € [0,T] as. on (Q, F,P).

2. The hard inequality: Approximations. Next, we shall prove wu /g(exp{YtrOb"e(C)}) <

UtE 2,141/ Q(C). To obtain a globally Lipschitz driver while preserving monotone convergence to the
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original quadratic—exponential driver, we define the following for any positive integer n:
n 0, 5 = ~
RE(z,0) 1= S| Za(2)I + 27 Za(2) + /Jrg (80(6(@)). 6(2) ) M(@)C(dx),  (z.6) € R x L,
_ 2
By = -2l

where p,(z) is defined in the proof of Proposition 2.4 and the function ¢, from R to R is defined

as

e ®0 1, T > —-n,

~ 1
On(m) = e @/ 1 ze(—(n+1),—n), pn(x) =2+ 5(56 +n)2.
et/ 1 < —(n+1),

Then, @, is bounded, non-increasing, Lipschitz continuous, and continuously differentiable for
any n € N. Furthermore, &, (z) < @ni1(z) < e */% —1 holds for any z € R and n € N, and
limy, 500 Pn(x) = e=%/% — 1 for any = € R. Therefore, R}(z, ¢) is Lipschitz continuous in (z, ¢), and
for each n € N, the Lipschitz coefficient is uniformly determined in (t,w). Here, consider a BSDE
with respect to (Y"(C), Z", ¢") such that

Y (C) = log Cr + /T {(5<log Cs — 175"(0)) + RM(Z™, QZ?)} ds

_/t (ZM7dB, — / /1/13 n(dt, dz). (A.10)

Since the BSDE (A.10) is Lipschitz, there exists a solution (Y™(C), Z™,¢™) €% x H? x J2. Since
C is bounded, the classical a priori estimate for Lipschitz BSDEs implies [[Y"(C)lsx < co. As a
direct consequence, we also have |[¢)" || < 2||Y"(C)||s> < 00. Furthermore, we have

Ry(Zu(Z2), a0, 22,0 ) = RA(Z2 00,
and for any (Z,v) € H2 x J2,
Ro(Za(Z2), 200, Zo, ) — RE(Z2,00)
= (Z.zM) (Z,—2z" B (P7) (s () — 7 (2) ) Ag ()¢ (d).
(2.20) (2.~ 22) + | 20 (Pu(o) = T )Mol
Moreover, Z,(Z") and 3, (¢") are bounded, and it holds that under P,

@n(&?(fﬁ)) > eXp{_HJnHJ"O/G} —-1>-1, (t,z) € [0, T] x J.

Thus, (Z (Z”) Pn(P™)) € M. Hence, there exists a solution to the BSDE (A.9) with (Z,) =
(Z0(Z™), B (¥™)), denoted by (Y (Zr(ZM):2n(@™) (), 2”,12”16 §2 X H~2 x J2. Then, the comparison
theorem for Lipschitz BSDEs under P implies Y;*(C) = }Q(Z”(Zn)’%(wn))(C) for any t € [0,T] a.s.3

3In this case, we may apply a comparison theorem for Lipschitz BSDEs that does not require the Ar condition,
because the generator (t,y, z,1) — 6(log Ci — y) + Ri(Zn(Z7), Bn(Y}), z,10) satisfies the assumptions of Theorem
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3. The hard inequality: Monotonicity. We shall prove 0 > R}(z,¢) > RI''(z,$) for any
(t,z,¢,m) € [0,T] x RY x L x N, a.s. R?(z, ) can be divided as follows.

R} (o0) =) + (@), () = — s llelPonll=I?) (2~ palll=l),

r30) = [ ra(Ba(0l) o)) M@)c(de). (2.0) € RO L

It is clear that 0 > 7% (2) > r"T!(2) for any z € R? and n € N. To examine ry 4, forany y < e ®0_1,

we have
87"3 (yv .Z')

5 zﬂlog(1+y)+x§010ge_z/9+x:0.
Y

Since @n(x) < Gni1(z) < e */? —1 for any z € R and n € N, we have

o= ()/0 _
13 (Bu(0(@). 60)) = 13 (B (6@)) 0()) = a7 = 1.6(0) = T (o)

=j_170(0(x)),

for any z € R, n € N, and ¢ € L. This implies that r3,(¢) > r;‘;rl(gb). We next show the

non-positivity of ry,. If z > —n, then ¢, (z) = e~*/? — 1. Hence, for any ¢ € L,

e ?@)/0 _ 1
T3 (@n@(x))vqﬁ(l’)) = T — ¢(z) = J-1/6 (¢($)) <0, ¢(x) > —n.
Meanwhile, we have
W = (0 log (Pn(z) +1) + 33)@;1(33) + on(x), z eR.

We can see that 8log(@,(z) + 1) + 2 < floge */? 4 2 = 0 and @, (x) < 0 hold for any = € R and
n € N. Moreover, ¢ (z) > 0 also holds if z < 0. Thus, Ors(¢n(z),z)/0x > 0 holds for any z < —n.
This implies that for any ¢ € L,

en/? — 1
-1/6

3 (@n(gb(@),qb(a:)) < 7“3(@”(—71), _n) = +n= j—l/@(_n) <0, ¢($) <-n
Therefore, 0 > r4,(¢) holds for any (¢,¢,n) € [0,7] x L x N, a.s. Thus, we obtain 0 > Rj*(z,¢) >
R (2, ¢) for any (t,z,¢,n) € [0,T] x R x L x N, a.s. This monotonicity yields R}(z,¢) |
R,(z,¢) as n — oo for any (t, z,¢) € [0,T] x R? x L a.s. from the monotone convergence theorem.
Furthermore, it holds that

—0[log Ci| = dly| + Ry(2,¢) < 6(log Cy — y) + R (2, ¢) < 0|log Cy| + ]yl (A.11)

for any (t,y,2,¢) € [0,T] x R x R? x L.
4. The hard inequality: Ar condition. We shall examine the Ar condition. From the funda-

3.2.2 in Delong (2013).
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mental theorem of calculus, we have
" N, = L drs(@n(w), w
J 0 w

for any (t,2,¢,¢,n) € [0,T] x R x L x L x N. For any |w| < K, we have

w=k(x)+(1-k)d(x

)dk) (6(2) — () M()C (),

—l<e K0 _1< W = (910g (@L(w) + 1) +w>@%(w) + &n(w).

If w e [0, K], we have dr3(@,(w),w)/dw < eK/? —1. If w € [-K,0), then it can be seen that
0 > Alog(Pn(w) + 1) +w > —2K and 0 > &, (w) > —Kge™? hold where Ky := /29 /g > 0.
Furthermore, 6 log(¢n(w) +1) +w =0 if w > —n and @, (w) = 0 if w < —(n + 1). Thus, for any
| < K,

drs (o (w), w)

T < QKngn/G]l{,(nJrl)gwg,n} + K0 1

< 2K KgeR/0 4 519 — 1 = KKy +1)e/? =1 < .

Let

_ dk.
w=ho(z) +(1-k)3()

Then, for any ¢, ¢ € L with |¢(z)| V |p(z)] < K, v({t},)-a.c., we have

n,b,0 o ! dr3(pn(w),w)
R

—1<e B0 1<) < QKoK +1)e%/? —1 <00,  v({t}, )-ae.,

and

mww—mw@s/

J

T700 (@) (8(x) - 9x) ) M) (),

for any (¢, z,n) € [0,T] x R? x N. Moreover, by the definition of &, r3(e=%/? —1,¢) = r3(Zn(¢), $)
holds for any ¢ € L and n € N with |¢| < n. Accordingly, T'7**? = T7"%? holds v({t},)-a.e. for
any (t,¢,¢) € [0,T] x L x L and n,m € N with n < m and |¢(z)| V |¢(z)| < n, v({t},-)-a.e. Thus,
the Ar condition is satisfied, uniformly in sufficiently large n.

From the monotonicity of R™ in n and Ar condition, the comparison theorem for Lipschitz
BSDEs yields Y/*(C) > Y"*1(C) for any t € [0,T] and n € N a.s. under P. Meanwhile, it can be

e (UEZ,l—i-l/G

seen that || log oty p(Us )(C)]|see < 00 holds under P because C'is bounded. Together with

Step 1, we have

_ EZ,1+1/0 . Z3y on >
—00 < —[[logour}, o (U ) (CO)s= < _inf  ¥FPHC) <VC) < IVHO) = < o0,
(Z,p)eM>
N (A.12)
for any t € [0, 7] and n € N, a.s. under P. Thus, {Y"(C)},en is bounded uniformly in n € N.

5. The hard inequality: Convergence. We shall show

. Sn 1 EZ,14+1/0
Tim ¥7(C) = logouy}, , (U7(C)),
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a.s. on (Q,F,P). It is clear that R}'(z,¢) — Ry(z,¢) as n — oo for any (z,¢) € R? x L. By Step
4, {Y"(C)}nen is uniformly bounded in S as in (A.12) and the uniform Ar condition holds for
sufficiently large n. Moreover, {an}neN satisfies the uniform quadratic-exponential growth bound
(A.11). Furthermore, both of {Y"(C)}nen and {R"},en are non-increasing. Thus, all conditions
in Proposition 4.1 in Fujii and Takahashi (2018) are satisfied. Hence, there exists a solution to the
following BSDE:

Yi(C) =log Cr + / " (5(108C. ~ ValC) + By(Zn i) )ds - / " Z1aB, - / ' /J Bs(@)ji(ds, da),

t t

and (?"(C),ﬂ?”,&”) — (Y(0), Z,JZ) in §°° x H? x J? as n — oo. Note that ¢ € J* under P since
[9][gee < 2[|Y(C)|lsee < 0. Let Up(C) := ui41/9(exp{Yz(C)}). Then, the generalized Ito formula
yields

Uy(C) = uy116(Cr) + / fo(Cs,Uy(C))ds — / e YO0 7TaB,
t t

T ~
_ / / W /e(exp{i,(c*)})(e—ws(m)/e N 1) fi(ds, d),
t J

for any ¢ € [0,T]. Since (Y(C),1) € S® x J and Z € H2, the stochastic integrals in the above
are square-integrable martingales. Hence, taking a conditional expectation, we have

00) =B [urp(@n)+ [ (00 TO)as],

for any t € [0, 7). Thus, from Proposition 2.5, we have Uy(C) = UtEZ’lH/e(C) for any t € [0,T] a.s.
on (2, F,P). Finally, we obtain on ({2, F,P):

(Z p)eMee
: gn zn &n o : v v - Z, 0
< lim Y En(E8nlv™) (o = lim ¥;(C) = Yi(C) = logour !, ;, (UF ).
Hence, ulﬂ/g(exp{l@rOb"e(C)}) < UtEZ’Hl/e(C’) for any t € [0,7T] a.s. on (Q, F,P). 0

A.5 Proof of Proposition 2.12

Proof. We only consider the case v > 1; the case v < 1 follows by the same reasoning. Fix
C = (Ct)iclo,00) € CE’ ~ arbitrarily. We first assume that C' is bounded above and away from zero,
and we later treat the unbounded case. For any n € N, define

&n = . L exp {En[/ Se 0= logC;_Vds] }
- n

Since C' is bounded above and away from zero, ((Ct);c[0,n), §n) belongs to CB. Thus, from Proposi-
tion 2.4, for any n € N, there exists a finite-horizon unit EIS Epstein—Zin SDU of ((Ct)te[o,n]afn) on
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[0, 7], denoted by U™((Ct)¢e[o,n], §n)- Furthermore, we can see that U™((Ct).e[o,n]; &n) is uniformly

bounded in n as follows. Let C' := es[soing C; > 0 and C = ess sup C; < oo. From (2.12), we have
tel0,00 te[0,00)

0<C 7 <exp {Et [/ 5e°0 Jog C;Vds] }
t

= exp {Et [/ 5e ) 1og C177ds + 0" Jog (1— 'y)gn)} }
t
< (1 - ’Y)Ugl((cs)se[o,n]agn)

<E; |:/ 56*5(577&)0;*7(18 4 675(71715)(1 _ 7)§n:| <E, |:/ 566(st)cslfyd8:| < Q1,7 < o,
! t
for any n € N and ¢ € [0, n]. Meanwhile, for any n € N, (2.12) yields

(1 —7)&n = exp {En [/ ge2t Jog C§7ds} }

n+1
= exp {En [/ 5e06™ ) 1og C1ds + e~ HL=1) Jog (1- 7)§n+1)] }
< A =N (Coiepmns) Envt)-

Hence, U2 ((Ct)iefon):&n) = én = UPTH((Co)iefont1]> Ens1) for any n € N. Thus, from Proposition
2.5, UL ((Cs)sefon), én) = Utn+1((cs)se[0,n+1}7£n+1) holds for any n € N and ¢ € [0,n] a.s. Let

Ut(C) = nh—{go Utn((CS)SE[O,n]agn) = égg Utn((CS)SE[O,n]agn)a le [07 OO)

Then, —oo < u,(C) < Uy(C) < uy(C) < 0 holds for any t € [0,00) a.s. Therefore, for any finite
0 <t<T < oo, the bounded convergence theorem yields

T
Ut(c) = lim Uﬁ((cr)re[o,n]agn) = HILH;O E; [U%((Cr)re[o,n]afn) +/t f(CS7 Usn((cr)re[(],n]vfn))ds]

Since U(C) + fg’ f(Cs,Us(C))ds is a bounded martingale on [0,00), there exists a cadlag version
M. Define

UX(C) = M, —/tf(CS,US(C))ds, t € [0,00).

Then, U*(C) is a cadlag modification of U(C), and U*(C) also satisfies (2.19). Hence, U*(C) is an
infinite-horizon unit EIS Epstein—Zin SDU of C.

We now examine the unbounded case. Fix C' € C}i ~ arbitrarily. Consider the cut-off version of
C, defined as in the proof of Proposition 2.4, denoted by C™F* with m, k € N. Let

1 >
m,k .__ —d(s—n m,k\1—
AR exp {En {/n 5e=3(7) Jog ((c™) W)ds] }, n,m,k € N.
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Then for any n,m, k € N, we can define the finite-horizon unit EIS Epstein—Zin SDU on [0, n], i.e.,
ur(c ’k)te[o,npﬁ;? ). From the argument in the bounded case, an infinite-horizon Epstein-Zin
SDU of C™F, exists, denoted by U(C™*).

We now examine whether the limit of U(C™*) exists as k — oo and m — oo. Applying
Proposition 2.5 to the finite-horizon SDUs and letting n — oo yields Uy (C™+LF) < U, (C™F) <
Uy (C™k+1Y for any t € [0,00) and m, k € N. Furthermore, by construction,

exp {Et [/ se 06 og ((C;”’k)l_v)ds]} < (1 —=y)U(C™F) < Ey [/ se 0=t (CmkyI=gs |
t t

Recall C € C,Iioo. Thus, by the same argument as in the proof of Proposition 2.4, there exists a
non-negative and progressively measurable process K¢ such that

00 Om,k 1—v

Et[/ Se—0(s—t) <Sk> ds] < Ktc + 1, t €0, 00),
t cy

and

e tu, (Cy A1) < F(CF U(C™F)) < —8u, (Cr A)(KE + 1) log(KE +1),  t € [0,00).

Thus, for any finite T" € [0, 00), {(f(Can, Ue(C™F)))tef0,1] }m,ken is uniformly integrable on dt@dP.
Accordingly, by the same argument as in the proof of Proposition 2.4, we can define a cadlag version
of

U(C) := inf sup Up(C™"), t €1]0,00),

meN N
and it satisfies (2.19). By construction, U(C') satisfies (2.20). This implies that U(C) is of class
DL. Hence, U(C) is an infinite-horizon unit EIS Epstein-Zin SDU of C. O

A.6 Proof of Proposition 2.13

Proof. We examine uniqueness in the case v > 1. Let U' and U? be infinite-horizon unit EIS
Epstein—Zin SDUs of C' € CE oo- Assume that both satisfy the inequality (2.21) for some constants
0< K <K <oo. Let AU; := U (C) — UZ(C) for t € [0,00). Then, as in the proof of Proposition
2.5, we have

AU, < [eftT astAUT} :
for any 0 <t < T < oo, where

df(Cs,US(0))
ov

U; (C)

S ! = s Zs 2
% 0, (Cy) Ul(C)

Ag —

Since U'(C) and U?(C) satisfy the inequality (2.21), we have

Cs, U (0))

AU, < E, [eftTanSAUT} < (K—K)Et[exp{ /t A 00 ds}uﬁ,(CT)} e 0T (A.13)
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Meanwhile, applying the integration-by-parts formula to U' and taking conditional expectation
gives
™ f(Cs,US(C)) 1
UMC)=E =2 ds 2 UL (O)],
voy=mfen{ [T 1T DastuL o)
where {7, }nen is a localizing sequence satisfying 7, — T a.s. as n — oco. Since f(Cs,U})/UL is
bounded and U! is of class DL, letting n — oo yields

Ulo) ]Et[exp{/ I CS’UI ) }U}(C)] <KEt[exp{/ “’W‘”U;()))ds}uw(cj’)] <0.

(A.14)
Hence, substituting (A.14) into (A.13), we have

AU; < K[_{K UL C)e™ 0T, (A.15)

The right-hand side of (A.15) converges to zero a.s. as T — oo. Thus, AU; < 0. A symmetric
argument gives AU; > 0, and hence, U} (C) = U?(C) holds for all t € [0, 00) a.s. O

A.7 Proof of Lemma 3.4

Proof. We first examine II*. Define

FOCT(5,11) = m, (1) — 5o (n)TT + A1) /R (1+T2)7a¢(de),  (,01) € B2,

From conditions 4, 5, and 6 in Assumption 3.1, FOC(n,II) is well defined on R x [Kj, K.
Furthermore, we have

II
PROCIEI) — o) =) [ (1-+11) 7 a(dn) < 0

for any (n,1I) € R x (K7, K11). Thus, II = FOC™(n,II) is decreasing for any n € R. Additionally,
conditions 4, 5, and 6 in Assumption 3.1 imply that for any n € R, there exists I1*(n) € [K;, K11
such that FOC"(n,1I*(n)) = 0 holds. Indeed, such a IT*(n) is unique. From the implicit function
theorem, IT*(n) is continuously differentiable and

oI (m) (amc“(n,n*(n))>‘18F00“<n,n*<n>>
077 o oIl 077

~1
= o2+ [ (-4 a2

(20 o 2 4+ 0 [ (1) o))

From Assumption 3.1, we can see that 9II* /07 is bounded and continuous. Thus, IT* is Lipschitz
continuous.
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We next examine 7. Since r, m, o, A, and II* are bounded, 7 is also bounded. In addition, it
is continuous and differentiable. From the envelope theorem, the derivative of 7 is

ar(n) —(1—+) <678'S:7) + Ome(n) I (n) —vo(n) da(n) (H* (77))2>

on on on

T 5’;57”) /R (L1 ()) ' = 1) ¢(da).

From Assumption 3.1, 0r7/9n is bounded and continuous. Thus, 7 is Lipschitz continuous and
continuously differentiable. O

A.8 Proof of Lemma 3.5

Proof. The proof follows the argument in Kraft et al. (2017). For this proof, we work on an
auxiliary filtered probability space supporting a one-dimensional Brownian motion B!, and define
the diffusion 1 by (3.1). Since we only study the solvability of the reduced PDE (3.10), this auxiliary
construction is without loss of generality.

1. Approximations. Consider the iterative PDE (3.12). The constants hggab., Bgtap,» and Bl
are defined as follows.

Ks a ./6—1 _
Pistab, = ((‘Sf”’ N k>e(|rstab.oov1)T> i,
. Hrstab.Hoo\/l
((”?stabAHooV:L)'i‘(s logﬁstab')TE * 1 + 6((||?Stab‘||°°\/1)+610ghstab.)T
)

Rgtap. *= )
hstab.

hstab. =e

where [|Tstab. [loo := SUDP; R [Tstab. ()| Recall that

?stab.(n) = 77(77) - Kstab.y f*(h) = _p*(h) (5 log p*(h) - Kstab.);

where p, is a non-decreasing and Lipschitz continuous function from R to [1/(hk.., + 1), hstab. + 1],
as well as it has a Lipschitz-continuous derivative. Additionally, p.(z) =  if z € [1/h%.}, , Pstab.]s
pi(x) = 1/(hka, + 1) if 2 < 1/(hk., +2), and pu(z) = hggap, + 1 if @ > hgpap, + 2. Since fu
is bounded and Lipschitz continuous, as shown in Corollary C.2 in Kraft et al. (2017), the PDE
(3.12) has a unique solution h" € C;’Q([O,T] x R) if k"1 € C;’Q([O,T] x R). If n = 1, then
fe(h"Y(t,n)) = f«(R°(t,n)) = f«(k), which is a constant and therefore bounded and Lipschitz
continuous. Hence, the PDE (3.12) has a unique solution h! € C;’Q([O,T] x R). Therefore, by
mathematical induction, for all n € N, the PDE (3.12) has a solution A" € C;’Z([O, T] x R).

For any (to,n) € [0,7) x R and n € N, let th,(tom) = h”(t,ngto’n)) for ¢t € [to,T]. Using the
standard argument, we obtain

n,(tom) _ T r T 8hn(n§tom))
X =+ / (Fatan. (10 ) X0 4 f (3710 ds — / Bl =, —dB,
t t
(A.16)

for t € [tg, T]. Note that the stochastic integral in (A.16) is a quadratic-integrable martingale since
" e C’;’Q([O, T] x R) and $ is bounded.
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2. Uniform bounds. We derive uniform bounds of {h"},cn. From the optional sampling
theorem, applying the integration-by-parts formula to (A.16) and taking conditional expectations
yields

T
xmton) _ g, [ / i Tatan (150 du Fu(XnLtom) g 4 el Fstab-mgt“"))d%], t € [to, T).
t
Since f,(z) < defstab./9=1 for any = > 0, we have

T
lev(toﬂﬂ S Et |:56Kstab./51 / efts Fs,tab.('r]'t(l‘tom))duds —+ eftT ?stab4(ngt07n>)dsk:|
t

Kgtap. /0—1
< ‘{6 “‘” v1<e(||amb.uoov1>(m> _ 1) 1 TrellFstab. llsoV1)(T—1)
T'stab. ||co
5€Kstab./6_1
<(

~ + E e(HFStab”oo\/l)T < E 7
|Tstab. |[|oo V 1 > = Nstab.

for any t € [to, T]. This implies th,(to,n) < hgtap. for any t € [to, T1.
Here, we have B B B
f*(h) > _5(10g hstab.)hstab.a h e (_007 hstab.]

Therefore,

(tg.m)

_ _ T . - (t0:m)y g .—
qu(to’n) > Ky | — 6(log hstab.) Pstab. / eJt Tstab. (0 )duq g efiT Potab. (50" )dsT,
t

- - 1 - e _
> —0(log hstab.)hstab_4”?t Y 16(\\rstab‘||oov1)T + e (Faan VDT —. (D),
stab. [0

This implies th,(to,n) > bW for any ¢ € [to, T).

3. The fixed point argument and a tighter lower bound. From step 2, we have p) < th A(tom) <
hstab. for any (t,n) € [to,T] x N. Accordingly, we have

[fo(xom)— f(xp7H0mM) < sup {81+ 1og pu(@) |6l ()] + Kagan, } | X700 — X ltom),
me[ﬁ(l)’ﬁstab.]

J/

=:C

for any (s,n) € [tg, T] x N. Therefore, from the optional sampling theorem, we have
n n T S (to,m)
’Xt —+1,(t0,m) _ Xt 7(t0»77)| < Et {/t eft Tstab.(m}o n )du‘f*(X;%(tom)) _ f*(Xgll,(t07Ti))’d8:|
T
<e / It loo VD (=0, [| xltom) _ xm=1(tom) ] s,
t

for any (t,n) € [to, T] xN. Since {X™ (0}, is uniformly bounded, from Proposition 6.4 in Kraft
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et al. (2017), there exists the limit of {X™ (M}, v, denoted by X* " such that
n * s = T T\"
ess sup | X0 _ x 7 t0m| < (FsanlloeVDT (F 4 oy v [RO)]) <€c> ’
tE[to,T] n

holds for any n > ¢T'. Let

h(to,n) := Xto(to’n) lim X m(tom) hm h™(to,n).

n—oo

Since ||Tstab. |loo and ¢ are independent of (¢g,7), we have
K t b t b
W™ (to,m) — h(to, m)] = [ X707 —Xto (o)

. . o T\"
tE[to,T] n

holds for any (tp,n) € [0,7] x R and n > ¢T'. Therefore, we have

n

T
IR = hjos < € (I7stap. lloo VLT (k + hstab. V ‘h(l)‘) <€C ) ’

for any n > ¢T'. Thus, {h"},en uniformly converges to h and h is continuous.
We now derive a tighter lower bound of h. Since p.(h) < (hV 0) + (h%,, )" ! for all h € R, we
have

f*(h) 2 —5(108; Estab.)p*(h) Z _5(10g Estab.) ((h \ 0) + (f:tab.)_l) (A17)

for any h < hgtap.. Let 6 1= 5(logﬁstab_)ll{X:’(t0’n) > 0} for t € [tg, T]. From the optional sampling
theorem and bounded convergence theorem, we have

X;k,(to,n) _ ]E't |:/ ft (T‘btab (¢ 0’n>)76u)du (f* (X:,(to,n)) + 55X:’(t°”7))ds + eftT (?scab.(ﬂgto’m)(ss)dsk] ’
t

for any t € [t, T]. Since Xz ,(to.m) < hgtap. holds for any s € [tg, T] a.s. and f, satisfies the inequality
(A.17), we have

X:v(t0777) 2 Et |: o 6(10g*h8tab.) / ft (Tstab [0 ”I)) du )duds + e./;gT (Fstab.(ngto’n))és)dsk]
t

Lstab.

7 T _ _
. 5(10g hstab.) / efts ((HFstab. ||OO\/1)+6 10g hstab.)duds _|_ 67 ftT ((H?stab. IIOOV1)+5 10g hstab.)dSE

N —:tab. t
> _ . _ 5(10g hstab.) _ e((||775tab'|\oov1)+5logﬁstab)T + 6—((||Fstab'||oo\/1)+6logﬁstab‘)TE
Bab. (([Tstab. [loo V 1) + 0 10g Astab. )
1 1
Z —— ((”TStab ||Oov1)+§10g hstab )T + hstab - > 0’
Listab. Listab.

for any ¢ € [to, T], where the last equality is due to the definition of A%, . Thus, X, (tom) > /h

Lista) Zstab.
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holds for any ¢ € [tg, T], and hence p*(X; (to,n)) X/ (oM 161ds for any ¢ € [to, T] a.s. This implies
FoX 00y = =X (510g X700 — Kay) > —6(log huan ) X, O, t € [to, T
Therefore, from the same argument, we have
X:,(to,n) > e*((HFstab.Hoo\/1)+510gﬁstab.)TE = hyp, > 0, t € [to, T).

This implies h(tg,n) > hg.p,. for any (tg,n) € [0,T] x R.
4. The regularity of the limit function. We examine the differentiability of h. For any ¢y € [0,T)

and 7 € R, let X:’(to’") = h(t, nt(to’n)) for t € [tg, T]. Then, from the bounded convergence theorem,
we obtain

ngv(t():n) _ h(tmt(to,n)) _ lim hn(t, nt(to,ﬂ)) _ lim Xtm(to,n)

= lim E, |:/ ft Tstab. ( O n))duf (Xn 1, (tom))ds + efi Tstab. (775 ‘o, n))dsk:|

n—o0

- Et[/ i Tt O™ g, (30 g - o T (1 D)dsk} t € [to, T).
t

Therefore, from the martingale representation theorem for Brownian motions, X *(to.) ig a solution
to the following BSDE on [to, T:

dX:’(tO’n) — _(ffstab.(n,gtom))X ,(to,m) + f ( tO’”))>dt+ Zt*dBtlv (A.18)

with X;’(to’n) =k, where Z* is a progressively measurable process satisfying E| ft:OF |ZF|?dt] < oo.
Meanwhile, consider a PDE for h on [0,7] x R such that

. ) ! - A
P+ Fn (e 1) + 2l P52 25 TR 4 . e )
= P i) + ) T ;52@)‘9};;;7” 59, ((t,1)) Yo s ((1,1)) = 0,

(A.19)

with /H(T, n) = k. Since f, is bounded and Lipschitz continuous, there exists a unique solution to the

PDE (A.19) in C’;’z([(), T] x R) (see Corollary C.4 in Kraft et al. (2017)). Let )?t(to,n) = h(t, ngto’"))
for t € [to, T]. Then, from the PDE (A.19) and the Ito formula, we have

A% o) _ _(;Stab'(ngtom)) Rtom 4 (% tom))dHZng, t € [to, T], (A.20)

with )?;tom) = %, where Z, = B(nt(to’n)) h(t n(to’n)) for t € [to,T]. Note that Z is bounded
since h € C’; ’2([(),T] x R) and S is bounded. Since f, is Lipschitz, the comparison theorem for

the Lipschitz Brownian BSDEs (A.18) and (A.20) implies )A(t(to’n) = X:’(to’n) for any t € [to,T]
a.s. Therefore, h(to,n) = h(to,n) holds. Since (t9,7n) is arbitrary, h is a C;’Z([O,T] x R)-function
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satisfying the PDE (A.19). Finally, since 0 < hgop, < b < hgtap, < 00, we have

—0ps(h(t,n)) log pu (h(t,n)) = —oh(t,n)log (h(t,m)),  (t,n) €[0,T] x R.

Thus, h is a solution to the reduced HJB equation (3.10). Note that the preceding discussion holds
for all Kgp. > 0, and that h(= h) does not depend on Ky, . Consequently, we may establish
uniform bounds for the solution by considering the case Kg,, = 0. Let

h = (((HH(S) + k:) e(ll?oov1)T> Val o= o~ UFlecVD)+810g AT, — ,—(IFllo V)T =0T 7
e(||7]|oo V 1 ’ -

Then, we obtain the following bounds:

0<h<h(t,n) <h< oo, (t,n) € [0,T] x R.

A.9 Proof of Proposition 3.6

Proof. Fix (tg,w,n) € [0,T] x (0,00) x R and (C,II) € A(to, w,n) arbitrarily. Let

o(t, Wt(to swn);(CI) - (to,n) ),

Vg = 777t
(tg,w,m);(C,IT) (tg,m)
ov(t,W, N ) 117 (to,w,m);(C,II) (to.m)
ZU .: t 50 t » Wt Hto—(nt )
t - ﬁv(t,WétO’w‘n)‘( ,H)mt(to,n))

= B

— (Wt(to’ m);(C,IT) ) < ( un (tom) ) (nt(tom)) )
1 Oh{tm, ") )

Oh(t , (to, U) ,
s P B )
PP (z) 1= U(t—, Wt(i07w7n);(c7n)( +10L,_2),7 (to 77)) — o(t—, Wt(fo’w’")‘(c’m ngt_ovn))

o (towm)s (G 1= (to.m) (1+Ht—x)1‘7—1
= (il O o) (O

for ¢ € [to, T]. Then, from Definition 3.2 and Lemma 3.5, there exists a finite constant K; > 0 such
that

T
IE[/ |Zf\2dt] < KlTE[ sup (Wt(to’w’");(c’n))Q(lw)] < 00. (A.21)
to tE[to,T]

Similarly, from Definition 3.2 and Lemma 3.5, there exists a finite constant Ks > 0 such that

[/to /wt p(dt, dz)

} < KQTE[ sup (Wt(to’w’n);(c’n))%lw} < oo. (A.22)
te(to,T)
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From the generalized Ito formula, we have

T
,Ut — ,UT _ / <<§t ECS’ S>U(S, Ws(t()ywyn);(cvn)’ ngto,n))>d5
t

_/t (z°)"dB, — / /1/)5 p(ds,dx)
:vT+/tT (HJBSCS’HS—i—f(CS,US))ds—/t (z*)TdB, — / /W fi(ds, dz),

for t € [to, T], where

0

HJBS M .= —
R

ECS’H5>1)(5, W ltowmi(GID) o)y _ £(Cy vy), s € [to, T).

From the HIB equation (3.8), HJBS*™* > 0 holds for any s € [to,T] a.s. Furthermore, from
(A.21) and (A.22), the stochastic integrals are true martingales. Thus,
t
v + f(Cs,vs)ds, t € [to, T
to

is a supermartingale. Furthermore, we have

e

sup (Wt(to,w,n);(cﬂ))l'v] < 0.
te(to,T)

’1 _7’ |:t€[t0,T]

Thus, (vt)sefty,7) is uniformly integrable. Meanwhile, since (C, EUW(W}tO’w’n);(C’H))) € C}Y{T,

t
Uy (C, Ty (W0 /t 1 (Cor U (C Ty (W) s, e o, T,
0

is a local martingale and (U;(C, EuW(W}tO’w’n);(C’H))))te[to,ﬂ is uniformly integrable. In the case
~v < 1, from the 4th condition of Definition 3.2, we have vy > ll_wﬁuv(Ct) for any t € [to, T

a.s. Thus, from Proposition 2.5, v; > U(C, Euw(Wi(ptO’w’");(C’H))) holds for any ¢ € [to,T] a.s. In
the case v > 1, since (C, EUW(W}tO’w’");(C’H))) € C}YJ’T holds, it satisfies the inequality (2.13). This
implies that there exists a constant K’ > 0 such that U;(C, EUW(W}tO’w’n);(C’H))) < K'uy(Cy) for all

t € [to,T]. Hence, Proposition 2.5 yields v; > Uy(C, EUV(W}tO’w’n);(C’H))) for any ¢ € [to,T] a.s. In
both cases v > 1 and v < 1, since (C,II) and (t9,w,n) are arbitrary, we have

v(to, w,n) > V(tp,w,n) = sup Ut, (C, EUW(W:(FtO’w’");(C’H))), (to,w,n) € [0,T]x(0,00)xR.
(G eA(to,w,mn)

We show the admissibility of (C*,I1*). Note that K; < II*(n) < Ky holds for any n € R.
Since r, me, IT*, and o are bounded, the coefficients of (3.14) are Lipschitz and of linear growth in
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W (town)  Hence, there exists a strong solution to (3.14). The solution has the following form.
t
Wt*,(t(),w,n) — wexp { / T;ﬁ(tow)ds}gfo (M*y(toﬂl)),
to
O = () 4 me (I () = 5+ A0 /R I ("™ g (de),

t t
Mo ;_/ H*(ngtov”))a(ngto’n))dBf+/ /H*(ngt"’”))xﬁ(ds,dx),
to JR

to

for all t € [tg, T], where £ (M*{0M) is the stochastic exponential of M*(0m on [ty, T]. Since o
and IT* are bounded and there exists a constant € € (0, 1) such that IT*(n)x > —1 + € holds for any
n € R and x € supp(¢), E%(M*to)) is strictly positive from Proposition 2.8. Thus, W*(tow:m)
takes values in (0, 00).

We prove the inequality (3.6). Let X} := |Wt*’(t0’w’17)|2(1_7) for t € [to,T]. Then, from the
generalized Ito formula, we obtain

dXF = X} [((1 — ) (2a0 + (1 29)B2) + dt>dt 21— y)btdBt] X /R Wi (2)7i(dt, dz),

for t € [to, T, where

a = r(n ") +me (I ) =6, b= T Yo (),

Gi(x) = (L )2)* ) — 1, dy = A) /R U ()¢ (dw).

We see that as, b, and X are bounded and that [ (¢} (2))?¢(dz) is uniformly bounded in (¢,w) €
[to, T] x Q from (3.5). Therefore, we can apply the standard argument: we first localize X* and
derive a Gronwall-type integral inequality for the expected value of localized X*, then apply the
Gronwall inequality and the Fatou lemma, yielding sup;c(, 7y E[X[] < co. Next, we again localize
X*, take the supremum of it, and then take the expectation. Let X;"" is the stopped process Xinr,
by 7, := inf{t > to : X} > n} AT. Applying the Burkholder-Davis—Gundy inequality to the
continuous part of the martingale term and a Bichteler-Jacod type maximal inequality to the purely
discontinuous part (see Marinelli and Rockner (2014)), we obtain an estimate in expectation for the
supremum of the martingale term in terms of the square root of its predictable quadratic variation.
Using the bound (X;")? < (Supsepsy 77 X)X, " inside the predictable quadratic variation of the
martingale term and then applying the Young inequality, we obtain

T
E[ sup Xt*’"] < K (XE; +/ E[X?”]dt> < K3 (wz“” +T sup E[Xt*]) < oo,
tE[tQ,T] to te[to,T]

for all n € N, where K3 > 0 is a constant independent of n. Hence, from the monotone convergence
theorem, we conclude that

E{ sup |Wt*’(t°’w’n)2(1_7)] :IE[ sup Xt*] < 0.
te(to,T) te(to,T)
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We prove (C’*(W*v(to’w’n)),EUV(W;’(tO’w’n))) € CYp. We have

sW,T 7. *,(to,w,
5676 s—t) (o o st | e—0(T—1) (1- )kuA,(WT( ’ n))
s (Boswm)y (C*(W; *,(to,w ,77) )=

6( t * (t07 777) 1—y 6(T t) E * (t07 7’r] -
/ 6 ( *(tO: 7”)) d5+€ 5177 ( *(tO: :7]

=E; |:/ (5@*5(57t)Wt175_’YdS + 66(Tt)k5’ylﬁ7t1’;’y:| ’
t

E

for all t € [to, T], where

. (t07 777) S
W, s = L = exp po(tom) qo, 8 £ (Mo, selt,T)].
’ W s(to,w,m) ¢ w s
t

From the same argument as that in the case of X*, it can be seen that there exists a positive
constant K4 such that Eyfsup,cp m |Wes|*=7] < K4 holds for any t € [to, T]. Thus, we have

o L = LU
(W (t()v 777)) (C*(Wt*v(tovwvn)))l—

< Ky (1 — e T 4 o0 T=0F7=1) < Ky(1 4+ k677,

for all t € [tg, T]. Thus, the inequality (2.9) holds for some constant K5 > 0. This also implies that
the inequality (2.7) holds, when ¢t = ¢y and taking the unconditional expectation. Meanwhile, we
have

E[/T (1 Vv (C*(W;v(twv’i)))l”) (K5 + 1) log(Ks5 + l)ds]

to

T
< (K5 + 1)K5E[/ (1 + 51_7|W:’(t07wﬂ7)’1—~/) ds]

to

< (K5 +1)Ks <1 + (51_7153[ sup |W:’(t°’w’n)]1_v]>T < 0.
s€[to,T)

Hence, the inequality (2.10) holds. Similarly, we have

T * (t07 w,n ) 1_’7 1 _ 1. *7(t0=w=77)
/ 591 Jog (C (We )) ds + e 9T og (( )kuy(Wr ))]
t

E,
C* (W, (tow, 77)) (C*(Wt*’(to’w’n)))l—’Y

T
=1 -9k [/ 5e 0O, (ds + e_‘s(T_t)Wt,T] + e 9Tt og (A.23)
t

6=’
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for all t € [to, T, where

W:v(t07w7n) >

Wt,s = log <Wt*’(t0’w’”)

_ / peltom) dy 4 Ape(tom) _ M;(tom)_% / (I (80 )or (1o ) 2
t

t
+ / (log (1+ H*(nq(fo’”))m) - H*(n&to’”))x) p(du, dx), s € [t,T).
t JR

Similarly to the above, there exists a positive constant K such that [E; [supse[t,T] ]Wtsﬂ < Kg <00
holds for any t € [tg, T]. Therefore, the following holds a.s.:

T
'(1 —7)E [ / 5e0=OW, (ds + e‘““)Wt,T] <1 —~|Ks <00, te[to,T]
t

From the above inequality and (A.23), we can see that the inequalities (2.8) and (2.13) hold.
Hence, (C*(W*(t0wm) Fu, (W ")) € €Uy, In summary, (C*(W; ) 1 (7)) o 1) €
A(to,w,n) holds for any (tg,w,n) € [0,T] x (0,00) x R.

Let v} = v(t, Wt*,(to,w,n)’ngtom)) and (C},1I7) = (C*(Wt*’(to’w’m),H*(ngto’n))) for t € [0,T]. Sim-
ilarly to the first part of this proof, we have

T
v} = Foun (W00 4 /t (HJBfg’H§+f(C§,v§))ds—(M}’IOC'—M:’IOC), t € [to, T,

where M*!°¢ is a local martingale on [tg, T]. By the definition of (C*,1T*), HJBS*™ = 0 holds

for any s € [tg, T] a.s. Thus,
t
v+ [ f(CF,v5)ds,
to

is a local martingale on [to, T]. Since E[supycp, 1 ’Wt*,(to,w,n)|1_7] < 00 holds, (vf)iet,,r) is uni-
formly integrable. Moreover, v} /u,(Cf) > h§7~' > 0 holds for any ¢ € [to,T]. Thus, from
Proposition 2.5, v; < Ut(C*,Euv(W;’(tO’w’n))) holds for any t € [tg,T] a.s. Taking t = to yields
v(to, w,n) < UtO(C*,Euv(W;’(to’w’n))) < V(tg,w,n). Combined with the previous inequality, v = V'
holds and (C*(w),I1*(n)) is an admissible and optimal feedback control. O
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