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Several influence measures have been proposed to assess the influence of
observations on ridge regression. Influence measures based on the case deletion
procedure that are used in the case of linear regression, such as Cook's distance
or the likelihood distance, have been extended to the case of ridge regression.
Most of these influence measures are derived from benchmarks based on
statistical or mathematical distance criteria. In the case of a typical linear
regression, these measures are the primary methods for conducting such
assessments. However, in the case of ridge regression, we must consider not only
assessments of the influence of observations but also assessments of the influence
of the ridge parameter, a feature unique to the case of ridge regression.
Therefore, in the present paper, we consider an ancillary influence measure for
the latter assessment.

The present study is a detailed investigation of the properties of an ancillary
influence measure derived from benchmarks based on the mean square error
criterion. The mean square error criterion is a standard statistical benchmark
used to assess the regression coefficients in ridge regression, and it is also
frequently used to identify an optimal ridge parameter. To investigate the
properties of this ancillary influence measure, we derive a derivative function by
computing partial derivatives with respect to the ridge parameter. As a result of
this investigation, we discovered that the derivative function may be expressed
as the sum of the original function and functions associated with it. In addition,
we plot the behavior of the derivative function for each observation in order to
obtain a clear understanding of variations with respect to the ridge parameter.
Our results demonstrate that assessments of the influence of the ridge parameter
are a useful, albeit ancillary and supplemental, complement to the case deletion

procedure for assessing the influence of observations.
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1 ’RU®IC

U VWl (ridge regression) (2811 2 BHMEDRETIFHEICBWT, WO DBk
#atE (influence measure) AHEEIN TS, #HIEEJG (linear regression) D¥ié & [l
B, BIEREE: (case deletion procedure) 230 < ZWiHkstE & LT, Cook D Wil
RN EEZ &%) v VIR OBEICIREI N TV A, IS OB RO IdHEHY
BB\ VIIEF I R IO IR LA STV A, WlHOMENIGEOYE, Bl
OB %5l 5 720121%, BIIMERR IS 29 LB kata 2 hoicr— 4
ENTAFTDNSG. LA LADS, Uy VHGOEAE, BEORELFMmmZ T, VY
VHEEAOHETH L) v T8F A= F BT BN OWTHEE T L LEND
b, ZZT, Vv INF A=Y BB 2 T 2 720 OB FTREHRE IO W TR
W95,

ARWFFETIE, Takeuchi [4] 12X o TRESNIHBBHHEROWEICOVWTH LR
5. ZoOfBZEmaEE, SEOREREZET 2 ) 2 TL KR SN L 2 feiiss
(mean square error, AT [MSE]) (2D {IBEHEA S/, MSE #H#EHMAKIZ) v
TIEIFIC BT B R R IS 5 720 O WA AR EHERE T H D, ) v U8 T A —
Y ERIFET B0 LFHENS.

C ORPBRRFT RO E ZTARDL12DIZ, Vv V8T A =F 2OV TORMAIC X )
Bz EL. o, ToMBR T ICHEE L ZBBoME LT, BlMEEBITESZ
Edbdot. F, Vy NI A=F T LR MMEICHR R 572012, BEBOZEEH)
ERTZI7RBUIMES LCH<. SIS D, BRIMERR T X 2 BEIE O 52287 5F6 2
MAT, WD 5 CIEHEIER D05 ) Y V8T A =5 T 5 B D
NP =Y (/e

R SLOWRIIUTOEB) THLH. 2 HTIEMENIGEL XY v VGBI 5 &1
DA R RE G52 5. T2, V) v VEURICBT 2 M2 R b E&T 5. B3
IZBWT, WZWHREEOMEZRRL72012, Uy VT A=FIZOVTORMITIC
DEMKAEL, ZOREBE ST ITS. BAHEIEROFTLOLSBOBETH 5.

2 EFE

RETIE, FITHERFEB LY v VHIRICBT 2 £BORRN 2GR EZ 525, 28
2, )y YHEEIZ BT LB R R kT
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21 HFEEFES LT v DEE
ZZTiE, BEREETVELT,
y=Xp+e

HEZAH. ZOLE, yidax1 DHWEEXZ ML, XiZaxp D7V v 7 OFALEAT
Hl, BIEpxX1 OEIFRE N7 MV, ZTLTeldnx1l OFREXZ PVTHY, IEHGA
NO,GI) IZHED b e T 5B, 72720, L1 n ROBNATHZEY. T2, Lok 2 FlliE
R A=(X X)Xy & LTHEON, #3500 ORRHEERIE P =ce/(n—p) LD, 7=
ZL, I 3T d 5 0wIER7 PVOIKELZEL, el ZEREXT FVTHD, e=y—
Xp=(,~H)y Ths. Ok s, HIZHWERTH XA SME SR 2y F75] (hat
matrix) H=X(X'X) 'X"TH Y, ZOE i MAWKS h; BTIHTH D, TOTIHIZOW
T, 1/n<h<l &3 5.

BIENIED 1 DOREW & LT v VEH D 5 (Grof[2] % Hoerl and Kennard [3]
HEEZR). v VEYRICBT L EIERENR S MV podiEs (LT [V v Vgl %,
Vo IRTG A= E(=0) #BATHILIZLD,

FR=(X'X+KL) XYy

EEHRTDH. THE RA2EMREROLGAGLFEALL, BENRZ ML LIL, f=y—
XB=(,~HOy & % . 72721, Uy VEBICBT 5 v bA7H H I H=XX
X+EL) X THY, TOH AR ) v VHBCBIFLTIHTHL. 0L X,
0<hi<1TH 5.
F7:, FiFHOBIMELBRL L& XORUFREANZ NIV B O/ 2 Fedfi g =i

B(i) =(XXp) X WY
EFREIND., 72720, T () FnMoOBEOF»SEREINLBIHOTHE T Z £ T.
HORN 2 FHEROYE LMK, HiFHOBIMEZRELLEDY) v Vi ERIE

Bl = (X X +kL) "X

&
1

L%
WS, k=0 TN, BU=B B=By. HHVIRHF=HZE, Vv VERICBOTER
SN FAHRDEE OBMBIROFFRELELTUD I EBbPD.

2.2 THENEMIHETE

HE OBIEIIG BT 2 BUIME I3 2 5B IIEHEiC &, Cook DBl LEEHAE (Cook
and Weisberg [1] % &% 2) R EOBMRFEIFHAINS, Uhed, Uy VRIS
BWTIE, 9 LBIMERRZE D < BWiREHR 720 Tk, BHlEO 28Il B v
TARTGLHERDZDT, INEMET 5 BERTHBIZIHE R W OPRESITY
b, ZZTE, Uy UNRTA=FIINT BB RIS A 720 o R L LT,
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MSE #6812 (MSE index) #IY FiF5.
Uy YRR RS ML 2 LT 0 X 9 12535 5 (Takeuchi[4] 2 BH8).
MI,=MSE(5*)—MSE(8",) (21)
2L, BBEURY OMSE W, FRRHAZ MLOEOE B L OIS F R
WiFHE L LCHRIsh, Zheh
MSE(B®)=E{(8*—8)" (5" )} (22)
BLO
MSE(B)=E{(B6H—8) (B6—B) (23)
Tha., B =00k X, WEOBIBEIRIZBT 25/ 2 Rl s@io MSE LR ISR D,
(22) B LV (23) KAHMSEQP) B L 0 MSE(B,) & ZhZN—5T %.

(21) XD MSE oE#HRIcB T, (22) AB LV (23) KB 5 % MSE D4 #IH
LB A DEETRAKNEREASEMTE Z2VOT, FORERE LTAERAL
T OO ERELTCFERATHILICE ST, MSEDHEEREZRDDLI LD,

o MSE O S, ) v VRSB 2 BHIMEOBE ) % 5T 2 720 O MBS
At e LT, WTFO X9 7% MSESETH S ML, 238 2 LA TE 5,

- 3] e

2220, u, BEX O ulidEhth

(2.4)

u =—|diag (I,— H)]’%(eR— e)

Op‘b—‘

BIO
u* = %[diag 1, *H)]’%(ek2 —eF)

DEIRAFTHY, 72, 5, sETNITsHIZZENRER
S=diag(l,—H)[diag(I,—H*)] ",

S*=diag(l,—H)[diag{L,— (H")*}] ",
<z hiZ

S**=diag(I,—H)[diag({L,— (H)*}] ",
OEIRMEHSTHY, SOE MK D D s,=0—hy)/(1—hi), S* D i & 55 A
st=(1—hy)/(1=h), 22 S™ O i ARG A st*=1—h,)/A—1E) TH D, 22T,
=1, —H)y TH Y, rid H=H") o idakscdh, Zhuc b’ iz HY=H)
D iR TH A, MAT, diag (A) ZIEFITH A OFAEGOAHZY L, et
FRT % $RT O L2Arh 2 7.
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3 THBVZHTIETEDME

Uy VRGBT LB ERE RO E ARSI, )y YVRTA—=F RIZDOWT
552 8L VEEEEZENT . (24) XNTH 26N ML OEREH DM, 1, £>0
OBEIZDONWT

0

DM: =27

ML———%KH—%) ML——MI;*—RML} (3.1)

L GEHSEFEICOWTIEfHR A 228). 72771,

s '
MH:JZ&K1%§><;*uﬁz<S$*mu#) (3.2)
BIW
_ 0’ 1 2 1 sk [ %\ 2
RML'—7S;‘ ?(lfsl-ui)*?{lfsi (ul) } (3.3)

ThHhbs ZOEE, ufld

u%zréhmgan—Hn*%@“—e“)

DE IS THY, f=1,—H)y ThHsb. Tz, s
S**=diag(I,—H)[diag(I,—H*)] "

D IFARSTH Y, s¥*=0—h,)/A—h) THsb. 22T, IiZH=H" 0% i %

R TH 5.

COREE, B1) X SHbh s &I, B DM, oMK E R, SLoBE ML, %54, (3.2)
RKOEIMEEW) (24) XNTHZOLNS MLICEB L2844 &, (33) RNoEAHE
RML TH 2 I ebhrol. 61T, BEARMRMEZMRS72012, BEW ZBGEEZ1T).

WHOFZWME R Td 5 Cook DHHERL TR ML &I @M L 228 & L,
Takeuchi [4] W [6] [7] THY FIFTwa ALF—% (Artifitial Data) 122V T,
WEZWREHREOME 2HRD. 207 — 7 ZBHIEO A n=20 T, FHNLEKOHITE
B2 &5 E p=4+1=5Thb. ZOTF—FII LT, 0<k<1 DFEBIIOWVWT, ML B
X ODM, 0EE % 77 7L L7/ RD, ThEnR 31 BLUORK32ThHhS. F7, &%
FTIZ, (B1) Ko DM, OfREHZETH S (32) o MIFB LU (33) Fd RMI, %)
WCOWTHH 33 BLIUNMI4IcEnZNs T 7L TRLE. &8, 20 HoaBijilz
7574 T 5 LRI BRDZDT, T TIEREMNSR T — % No7, Nol0, Nold Zhic
No.l7 D 4 D> TIRIRL T2 (B3F L L TEBIMEDZEB 2R3 7T 7 218k C 1218
F72).
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X 3.1 ML OEH X 3.2 DM, OEH

k 4.
.0 0.5 1.0 .0 0.5 1.0

X 3.3 MI*DOEF) X 3.4 RMI, D%Ep

M ZMEE LT M31BLUK3207 5 7051F, @FOBHHEHETH S Cook
OHEERL RER LS (75 71220 TRIHN (6] 2Z8H) X0V v VNI A—=Fk
DAEDS 0 [E W TOBEARE N EDbh b, Y v V85 A—=F OEIZEH
L7z MSE ZZ WL L Lz720Th s EBbN s, WEHOBWHEHEIL M50 HER
HIZOWTHER(LSEZIT) CLICE DERINTWLDT, Uy I8 2—5 OB HHN
WK WHEEZ LTS D LHERTE S, Mallld 2 WIZEAWHERREICES S 0D
WA B O TIE, AT S 2 OEHEAL (H 5 WVIFHE) 2179 201, EPHEB IS (X
7 PVRITHNC B TIREFTHID ). Z D720, )y V85 A —F OEALD RO ER
KB BHTEHTHESNTLE ) WRRELSHE T A, T LT, MSE 3% f)
H L7z 2 o kiat & o%a, MSE 255 & N4 7 A (EMEICIZ N 7 AD 2 5) 12
FIFHNBEFTHEDOT, FIEELFOTIEIIITON TV R, Jy VHEEROKRE S
WZOWTOTF R FICEO TN Z5HMii L TV 5720, V) y I8F 2 —F D%AbIC
LB WENOMEDPEHENICHAR T VIO EDIL. bHHA, VyINFIA—FDHE
BN EEIIBNRT VI ED, LTLHZFLVWHEE W) LTRSS, Yy I
T A=Y kDR IET DB, AHAEHRE S 2 2 WRENEVEEZ SN,

T, EWREEE LToE mHIE, K31 M33ZNICM34 D77 706, 21
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