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On “convex-concave production functions and
aggregate production efficiency: an example

Tadashi Hamano

Abstract

In this paper, we provide examples of “convex-concave” production functions that yield

aggregate production efficiency by a monopoly.

1 Introduction

Ginsberg (1974) analyzed resource allocation among plants whose production technologies
are expressed by “convex-concave  functions and derived solutions to maximize the sum of
output produced by many plants. If we regard each plant as a firm (or a producer), then
Ginsberg's analysis is viewed as an attempt to derive the aggregate production function in an
economy with one input and one output when each production function is convex-concave.

It is natural to examine such allocation problems in a setting of multi-inputs. Especially,
it is interesting to study the solutions when production functions exhibit the “convex-
concave  property with respect to each of some inputs. In the present paper, we shall first
present an example of a production function with one input, which will be used to construct
examples with many inputs, and examine the condition that production functions exhibit
superadditivity or the “convex-concave” property. Then, we provide examples of “convex-
concave  production functions that yield aggregate production efficiency by a monopoly.
These reduce to “generalized” Cobb-Douglas production functions in Example 2 of Hamano

(1996) if a parameter generating convexity of production functions is set to be zero.

2 Model and Examples

We first present an example of a production function with one input. Let us define f : R+—R

as follows:
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bx?

f(z) = ax’— i

(1)

It is obvious that, if p, ¢ >0 and e=b=0, f is non-negative for all x=0. This function may be
superadditive or ‘convex-concave depending on the parameters. Our first result is in

regard to a sufficient condition for the function to be superadditive.
Proposition 1  For all p=0 and q=1, the function f is superadditive.

Proof. It follows from Hamano (1996) that if there is a superadditive function % (x) such

that, for all x, x" € R+,

fz) _ flz+x)
h(x) = h(x+x')’

then f is superadditive.

If we set 2 (x) =x% then we have

dx | h(2) | = dr|® 1+22 | T Q-+
Itis clear that p =0 implies a%:[ fg(c‘f) ] >(0. Note that, if g=>1 then & (x) =x?is superadditive.
Thus, under the condition that ¢=1, f is superadditive. Q.E.D.

If ¢=1, this function becomes the S-shaped-like one, which is well known; see Sharkey
(1982, p.62) for the case of subadditivity.
We shall show in the following proposition that, if p is equal to one and b=« in (1), then

the function f is convex-concave.

ax?

Proposition 2 Suppose that 0<q<1. If f(x) Zax"—m

some x>0, then f”(x) <0 beyond that x.

(@>0), then f"(x)>0 up to

Proof. Without loss of generality we may assume that ¢=1. A simple calculation yields the
following expression:

f(x) = 27 (1+x){g(g—Dx?*+2(g—1) (¢+Dx+q(g+1) }.
Now, the quadratic equation g(g—1)x?+2(¢g—1) (g+1)x+¢(g+1) =0 has the solutions

RN

q(1—q)

Let us denote by x the larger solution. Then, it follows from 0<g¢ <1 that x>0; moreover,
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F7(x) >0for all z with 0<x<Zx and f”(x) <0 for all x> . Q.E.D.

Note that if a>5>0, then it will happen that f”(x) <0 for all x; i.e. the function f is

concave. In fact, if we set f (x) as follows:
zs

1
f(x) _21.2_1_’_1,!

where a=2 and b=1in (1), it is easily checked that

S (x) = —%x_%(l-i-x)_s(xs-i-%xz-i-%) <0 foralx>0.

Now, we proceed to examples of multi-inputs production functions. We consider the
economy with K firms (technologies) that produce a single homogeneous good using #
inputs. Each firm £(=1, 2, ---K) has the following production function F;: R¥—R,

bk,j.rl-qk'i Sk,i
T

A = fl ot ®

where x=(x1, T3, ***, Tn); Qri, be.i, Qr,i, Dr.i, and s are all non-negative constants. Notice that
each component {ax, ;" — (b, ix?) /(1 +z%) I of Fyis “convex-concave” if the condition
in Proposition 2 is satisfied.

Suppose that a vector x= (x1, I, -**, T») of inputs is available for production. Now we
maximize the sum of a homogeneous good produced by these technologies. That is, let us

find a solution to the following maximization problem

K K
max > Fr(x:) s.t. 2 L=1x.
(Ik);?:]k:l k=1

Although we cannot characterize the complete solutions, we shall give a partial one. In
Proposition 3 we present a sufficient condition that, the most efficient firm (technology) for
the aggregate input resources x should use all of  and other firms (technologies) should
be inactive. This result is the same as Example 2 of Hamano (1996) except that ours permit
the existence of convex part in its (restricted) production function. Note that, if &,=0 for all
i, then production functions (3) reduce to “generalized” Cobb-Douglas production

functions. Thus, Proposition 3 includes Example 2 of Hamano (1996) as a special case.

Proposition 3 If pi=0 for all k and i, and >_ ,ming-1,2,-x (qe.iSe.:) =1, then for all xi=

(xe,1, Ty, =y Ton) (R=1,2, -, K), we have

K K
Z Fk(l‘k) < max Fk< 2 .Zk).
k=1 k=1,2,,K k=1
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Proof of Proposition 3
It follows from Hamano (1996) that if there is a superadditive function % (x): R¥—R

such that for all x, " € R¥,

F.(x) Flx+z)

7 (2) < Wzt r) for all &, (4)

then we have a desired result.
Now, we set & (x)=II}_,z/ where m/=mins=1,2-x(ssiqs:). Under the condition that

>, mi>1 the function % is superadditive. If we show that for all %2 and for all i,

d [Fk(x)] >0

dxi| h(x)

then, the inequality (4) follows and the proof is completed.

Note that
Pt s
Fi(z) _ -, (xiqk"'— 1-11:133,?”“) L .
h(z) ., 2" = iljlx,» il ‘(1— 1+xiﬂk.i> .
Therefore,
dxi| h(zx) +xfk'iqk'i_m‘Xsk,;(l—l%xfw)%ﬂ X di [1_ 1—}—25’!2,:’ ]
ngixfk'iqw_mi(l_ 1_|_;fkyj )Sk'j.
Since
and sx,iqe,i—m:i=0 for all £ and 7, we conclude that a’i [ Zk((;r)) ] =0 o,
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